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Abstract

In this thesis we are dealing with the approximation problems of 2-periodic functions by
trigonometric polynomials in the frame of some new nonstandard Banach function spaces.
Namely, the subjects of our investigation are variable exponent Lebesgue spaces and
approximable subspaces of weighted grand Lebesgue spaces. In the thesis the following results
are achieved:

eThe inverse type inequalities (in the Bernstein’s terminology) of trigonometric approximation
in variable exponent Lebesgue spaces are established when on different sides of inequalities the
space exponents are different. Namely, the generalized moduli of smoothness in LI space is
estimated by the order of converging to zero of the best approximations in LP“ spaces (p(x) <
q(x)).

oThe problem of approximation of periodic functions and the properties of conjugate functions
in the space LP®), when minp(x) = 1 are explored. The Bernstein-Zygmund type inequality
for fractional derivatives of trigonometric polynomials is established and relying on this
inequality, the direct and inverse inequalities for fractional derivatives are obtained.

eThe condition ensuring belonging of the conjugate function to the space LP*®), minp(x) = 1,
is explored. The Zygmund type inequality for generalized moduli of smoothness of conjugate
function is presented and a subclass, invariant with respect to the conjugate operator is
determined.

o A considerable part of thesis deals with the trigonometric approximation in the subspace of
weighted grand Lebesgue space the closure of weighted Lebesgue space by the norm of initial
space. It is well-known that weighted grand Lebesgue spaces are non-separable, non-reflexive
and non-rearrangement invariant function spaces. Two variants of weighted grand Lebesgue
spaces are treated: when the weight in the definition of the norm participates as a function
generating a measure and the other case, when it plays a role of multiplier. The corresponding
subspaces are denoted by Eﬁ,) ? and Efv)’erespectively.

eBoundedness theorems of harmonic analysis fundamental integral operators (Hardy-
Littlewood maximal function, singular integrals, Riesz potentials) are established in Lfv)’e spaces.
On the base of these results the Bernstein-Zygmund and Nikol’skii type inequalities for
trigonometric polynomials in Lﬁ,)’e are obtained. These inequalities are making use of the proof
of Jackson’s type and inverse inequalities in [va)’e. Moreover, the latter one is obtained in
general form, when on the different sides of the inequality the space exponents are different.
oFor the periodic functions of two variables angular trigonometric approximation is treated in

I?‘:V)‘e space. The Jackson type inequality is established.
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If = @1 =92 = @ll = |f = Ks,of = Kos,f = Koo,/ | = (1= Ks,,0) (1= Ko,5, )|
81 t1 uq
= 1(2 = Ks,.0)f ]| = f f J GGy = P+ 50,))dsydusds |
51 b1 o 51 t1
1
f f | (= mo)Flldusdes < ¢ sup (1= mo)Fl 55 | [ wdusd,
0<u;s<84 o o
< sup [|(T=my,o)(T=Kos,)f|| < ¢ sup [[(T~ Ko, )Gl
0<u;<84 0<u;<64
093039 dmbsBMgdgd0m,
I(0 = Kos, )Gl < ¢ _sup [|(T=mou, )Gl
<u,<6;
=Cc sup sup ||(]I mo,uz)(ll —mul,o)f” (4.3.6)
0<u,<6, 0su;<6;
5do@mad
If =1 = @2 = @ll < cQ(f,61,62) e (43.7)
8900097 33°J3V:
2 2 2 th
) ) 92 1
a;pzl _ | Py Ks,o(I—Kos,) Wﬁf f f (I - K, 52)) (x + s4,y)fds,du,dt,
i,

c
= 6_1 ”(H - K51.0)(H - KO,52)“

5990096 (4.3.5) »E™E@dOL dsgrom,

62(1)1

52 . <co<5111<)81||([[ My, 0)(I—mo, )f|| < cQ(f, 81, 8)me  (438)
0<u,<§,
3bserma oM@,
2 az(pZ
83 372 < C0<Sulil<)81”(]] My, 0) (I —mou, )f|| < cQ(f, 84, SZ)Lp)e (4.3.9)
0<u,<6,
3369039
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64(,0 04 62 02
6165 axty?|| = £63 ax—zyzKal,o(Ko,az) =63 a—yz@zzﬁ(&sl,of)‘
62
=02 [ 21 ma, )1 mas)|| < sty 1=, ) (1o
0<u;;8;
< C.Q(f, 61, 62)Lp),9 (4310)

099 35300m35¢00obfjobgdom (4.3.7), (4.3.8), (4.3.9) s (4.3.10) 9EH™ME™d9dL, J0300900
LobYOZ39e F9935905b.

3960990 K 1396J4300mbseols §3908m©sb d9g3s900bmgol ¢gds 4.3.1-0b dserom, 0300900m:

O(f,61,62) < Q(f — @1 — @2 — 9,81,08;) + Q(@4, 61, 62) + Q(@,, 61, 63) + Q(e, 61, 6,)

62(p 62(p 4
SC<I|f—<P1—<Pz—<pII+512 : : )

252 (|9
dx? dy?
099 5300900 Fo6x% 3965 ABMIOL BMUE) J3905 LEIBOIIOL P P, 3630930l JodsOro

142

+ 63 327y

Lomobom 3sligd0b 35133600 (4.3.2) X533-9BMEMdsdo JoMEbbs MEHMEMdOL
35600909 MBISLOG.

9900930 4.3.1. 9m©99s 4.3.1-0b 30OHMOYdTO 43593
.Q.(f, /161’ 7]62) < C(l + /1)2(1 + U)Z-Q(f; 61’ 62): 61’ 62 >0

Qo

.Q(f, 611 62) < Cﬂ(f, tll T)
T

0<t<6,0<1<9,.
5.6, O ¢t LUST =0

@985 4.3.2. 300J35m, 1 <p < 0,0 > 0 o w € 4, . 35906 50300 593L B53560L GHodol

M EGHMEMdIOL:
Enn(@0 < T T aj:;oyz e W
Emn(91) o < o i - aaz;pzl LI\;}).G'(pl € Wb m
©d
Emn(92) po < o : = 662;)22 La).e'(pz € Wiom

Lo V9JO0MO F9ET0Z0 € 36 SHOL sIMI0YOMwo M-bg s N-BY.

115



53GHMMOL BEGHOEPO W30S

59(%303905. 3m309356Mmm, 359005, IJNEOJ MEHMEMIOL FEI0(3JDS.

33543

191 = Sm.0(@1) = Som(@1) + Smal@2)]| pre = Z Z Ai iy, ¢1)

i=m+1 j=n+1

z Z i—zlei,j(x,wpl) 2 Z l,(x Y 5y ;)

i=m+1 j=n+1 L;vzv)e i=m+1 j=n+1 L;VJV),B
S v 1 92 92 a2
S Si0( S22 ) = Sy (S ) = Sy (o
i2\ 7Y\ ox2 g 0x? J\ 0x?
i=m+1 j=n+1

62<p1
+ 81,1 <W>>
Lp)9
i[ e (P, 1 (P
(i+1)2 2]\ gx2 (m+1)2"™"\ 0x2
i=m+
i S 62901
(l+1)2 iz] M Qx? PO
=m+
1
<c z .—]
< P04 (L+1)2 27 (m+1)2
c

< 0* @1
T (m+1)?|| 0x?

1
(m+ 1)

251
0x?

52471
0x?

P
509653

gm,n((pl)l}v?v)ﬂ = gm,n ((pl - Sm,O((pl) - SO,n((pl) + Sm,n(‘:ol))Lp),a

< ||§01 - m,o(<P1) - So,n(§01) + Sm,n(§01)”L1V)V),6

530¢™a BgImo ©sdE30(390490l 2odm 339469ds

Cc

(©1) .mo 0%,
mn D1 Lp) —( +1)2

O0x?

p).0
Ly

3b5erMmQ0Mo 333030905 Ib5MBYBO MO0 MEMEMd..

50X 9M0© B396 LETMOgdS 23943V 35FBHI0EMM ,3HLHYMHO“ F0bEIMYGOOL F0MHPIFOMO
0906 90s.

116



53GHMMOL BEGHOEPO W30S

9909 4.3.2. 300J300,1 < p < 0,0 > 0, w € A,(T) . 35806 I0dgd6905 oligmo
©5Yd0MO ¢ 3vdogz0, G®™A bgdolidogmo f € sz)v)’e (T?) g3969300L5030l s B7dOLAOYEO
Bo@mEorm@mo m s n MHoEbzgd0LIMZ0L 50O 5J3L MEHME MBS

11
Emn(f) pro < (f%'ﬁ)ﬂv?'@ (4.3.11)

boOE € 96 5GOL EsIMI0EYOEo M-bYg, N-Bg s f-ByY.
©59()30(3905. 93> 4.3.2-0L 25dmy9gbgdom Jogz00gdm:

gm,n(f)Ll‘;)ﬂ < gm,n(f — @1 — @ — (,0) + 8m,n((p1) + 8m,n(§02) + gm,n((p)

1 [|0%¢, 1 ||0%¢, 1

0%
<clllf —p1—92— 0l +—= 22l T dy? m2n2

9x2y?2

m2

0799 5300900 DMUE) 390 LIDWZIOL @1, P2, P B96J30900L B0 ™, B030GOM

1 1
Emn(F) < K (f,= .= p,w,22)

099 35930996900 »9gmE9ds 4.3.1-00 3G 3039099 9090 BbJE0MbsErol Bgdm©sb
399835L905L, 35133600 (4.3.11) MEHMEWMBSL.
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