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Sesavali 

aTwleulebis ganmavlobaSi igulisxmeboda,  rom statistikuri fizikis 
kanonebi samarTliania mxolod makroskopuli, didi Tavisuflebis 
xarisxebis mqone sistemebisaTvis. gasuli saukunis miwuruls ki cnobili 
gaxda, rom ramodenime Tavisuflebis xarisxis mqone bevri arawrfivi 
sistema SeiZleba xasiaTdebodes statistikuri yofaqceviT. gamoirkva rom, 
arawrfiv klasikur hamiltonur sistemebs axasiaTebs gansakuTrebuli 
saxis aramdgradoba, romlis gamo sistemis dinamiuri maxasiaTeblebi 
xdeba drois SemTxveviTi funqciebi. am movlenas dinamiuri stoqasturoba 
ewodeba [1-3].  

  Seuqcevadobis warmoSoba klasikur qaosur sistemebSi dakavSirebulia 
sawyisi pirobebisa da sistemis parametrebis mcire variaciebis mimarT 
fazuri traeqtoriebis lokalur aramdgradobasTan. klasikur qaosuri 
sistemebs axasiaTebs eqsponencialuri  mgrZnobeloba aseTi mcire 
cvlilebebis mimarT, rasac Tavis mxriv mivyavarT sawyisi cdomilebis 
droSi eqsponencialur zrdamde. Sedegad, statistikuri gasaSualoebis 
Semdeg sistemis dinamika xdeba Seuqcevadi.  

  kvantur SemTxvevaSi Seuqcevadobis warmoSobis sakiTxi jer kidev ar 
aris bolomde naTeli. saqme imaSia, rom kvanturi ganxilvis dros 
traeqtoriis cneba azrs kargavs. amitom qaosuri kvantur-meqanikuri 
sistemebisaTvis saWiroa Seuqcevadobis SesaZlo meqanizmis ufro 
detaluri analizi. Uufro metic, aseT sistemebSi Seuqcevadobis 
warmoSobis SesaZleblobac ki eWvs iwvevs. kvanturi dinamika unitarulia 
da amitom Seqcevadic. meore mxriv, sistemis parametrebis mcire sawyisi 
cdomilebis daSvebis gareSe klasikuri qaosuri dinamikac Seqcevadi 
iqneba. unda aRiniSnos, rom klasikuri qaosis Seswavlis dros Cven 
Cveulebriv vswavlobT sistemis mdgradobas sawyisi pirobebisa da 
sistemis parametrebis mcire cvlilebis mimarT. am parametrebis mcire 
sawyisi cdomileba yovelTvis arsebobs da maT gverds ver avuvliT.  
amgvarad mcire sawyisi cdomilebis arseboba ki ar aris mTavari, aramed 
is Tu ra saxis gavlenas axdens is sistemis dinamikaze. rogorc 
cnobilia, regularuli sistemis SemTxvevaSi aseTi gavlena umniSvneloa. 
xolo qaosuri sistemebis SemTxvevaSi mcire sawyisi cdomilebis gavlena 
eqsponencialurad izrdeba. maSasadame mcire sawyisi cdomilebis 
gaTvaliswineba meore SemTxvevaSi aucilebelia, pirvel SemTxvevaSi ki 
ara. 

parametrebisa da sawyisi pirobebis mcire cvlilebis mimarT, sistemis 
mdgradobis Seswavlis kvanturi analogi aris kvanturi mdgomareobis 
aRdgenis sizuste drois inversiisas, e.w.  Fidelity. Fidelity gansazRvravs, Tu 
ra sizustiT SeiZleba aRdges sawyisi talRuri funqcia SeSfoTebuli 
hamiltonianiT sistemis droSi uku-evoluciis dros. Fidelity-s qaosuri 
sistemebisaTvis axasiaTebs droSi eqsponencialuri vardna. Tumca aseTi 
damokidebulebis  mizezi dRemde ar aris axsnili. 
      Temis aqtualoba, interesi qaosuri sistemebis mimarT gamowveulia 
ori faqtoriT: Ria sistemebis klasikuri da kvanturi dinamikis ufro 
Rrmad SeswavliT da praqtikuli gamoyenebis SesaZleblobiT kvanturi 
gamoTvlebis sferoSi.  
 bolo wlebSi dadginda, rom dinamiuri qaosi xorcieldeba myar 
sxeulebSi: feromagnituri rezonansis pirobebSi, birTvul paramagnitur 
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sistemebSi, spinur mZivebSi, optikur rezonatorebSi da a.S.  gamoyenebis 
TvalsazrisiT mniSvnelovania Tu parametrebis ra mniSvnelobisaTvis 
aris sistemis dinamika mdgradi da ra mniSvnelobisaTvis SeiZleba 
sistemaSi warmoiqmnas qaosi anu ramdenad SegviZlia ganvaxorcieloT 
kontroli dinamiuri sistemaSi mimdinare procesebis.   
 Ddisertaciis mizani: disertaciis mizania dinamiuri qaosis Seswavla  
zogierT fizikur sistemebSi, kerZod, feromagnetikebSi, BbirTvul 
paramagnitur sistemebSi,  spinur mZivebSi da optikur rezonatorebSi. 
kerZod, Sesaswavli  sistemis maxasiaTebeli parametrebis ra 
mniSvnelobebisaTvis aris SesaZlebeli sistemis regularuli Byofaqceva 
da ra mniSvnelobebisaTvis qaosuri. aRniSnul sakiTxs didi mniSvneloba 
aqvs Tanamedrove masalaTmcodneobis fizikaSi. 
zemoT moxseniebuli sistemebis Seswavla xorcieldeba maTi AaRmweri 
diferencialur gantolebaTa sistemebis Teoriuli da ricxviTi 
analizis saSualebiT. aRsaniSnavia aseTi sistemebis kvlevis saqmeSi 
kompiuteris da Tanamedrove kompiuteruli programebis Matlab, Matematika, 
Maple didi mniSvneloba. 
 Mmecnieruli siaxle: qvemoT moyavnil disertaciaSi: 

1. Cvens mier Seswavlilia qaosis gamovlineba bloxis arawrfiv 
gantolebaTa  sistemaSi. analizuri da ricxviTi gamoTvlebis 
safuZvelze dadgenili iqna  qaosuri moZraobis warmoSobis 
kriteriumi. DnaCveneb iqna, rom qaosuri reJimis pirobebSi  
sistemaSi SeiZleba warmoiqmnas ucnauri atraqtori. 

2. Cvens mier Seswavlil iqna  Txeli magnituri firebis damagnitebis 
veqtoris regularuli  da stoqasturi dinamika. Txeli firebis 
damagnitebis Seswavlas didi mniSvneloba aqvs Tanamedrove 
masalaTmcodneobaSi. Ddamagnitebis veqtoris dinamika aseT 
sistemebSi aRiwereba arawrfivi landau-lifSicis gantolebebiT. 
disertaciaSi naCvenebia, rom Tu sistemaze vimoqmedebT impulsebis 
seriiT, maSin gare velis parametrebis garkveuli 
mniSvnelobisaTvis SegviZlia mivaRwioT damagnitebis veqtoris 
stoqastur gajerebas. ricxviTi integrebis gamoyenebiT  naCvenebia 
rom gare velis impulsebis amplitudis SerCeviT SegiZlia 
stoqasturad vmarToT damagnitebis veqtoris saSualo 
mniSvnelobebis dinamika.  

3.  damagnitebis veqtoris stoqasturi dinamikis  marTvis meqanizmi 
ganzogadebul iqna  spinuri mZivisaTvis. Ddadgenil iqna rom 
iZulebiT stoqastur reJimSi xdeba spinebs Soris sivciTi 
korelaciis gawyveta. 

4. diseretaciaSi Seswavlilia ordoniani da samdoniani sistemebis 
regularuli da qaosuri dinamika optikur rezonatorebSi. 
aRsaniSnavia,  rom aseTi sistemebis Seswavla  warmoadgens  
kvanturi kompiuteris Seqmnis safuZvels. rogorc cnobilia jeims-
komingsis modelis mixedviT, ordoniani sistemebisTvis 
rezonansuli dinamika regularulia. disertaciaSi naCvenebia. rom 
samdoniani sistemebisaTvis es ase ar aris - qaosi da sistemis 
araregularuli yofaqceva SesaZlebelia rezonansul SemTxvevaSic. 
O ordoniani sistemebSi qaosi SeiZleba warmoiqmnas Tu 
gaviTvaliswinebT arapirdapir urTierTqmedebas spinebs Soris. 
Ddadgenil iqna, rom dinamiur qaoss qvantur meqanikurad 
Seesabameba sistemis gadasvla sufTa mdgomareobidan narev 
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mdgomareobaSi. procesi xdeba Seuqcevadi, es movlena dinamiuri 
qaosis qvantur analogad SegviZlia miviCnioT.  

Ppublikaciebi:  disertaciaSi miRebuli Sedegebi gamoqveynebulia eqvsi 
samecniero publikaciis saxiT: 
1. A.I. Ugulava, L.L. Chotorlishvili, Z.Z. Toklikishvili and A.V. Sagaradze, „Chaotic 

dynamics of the nuclear magnetization on account of resonator effects“ , Low 
Temperature Physics, vol. 32, #10, pp. 915-920, 2006; 

2. A.I. Ugulava, L.L. Chotorlishvili and Z.Z. Toklikishvili, „ Theory of stochastic 
saturation of ferromagnetic resonance“ , Low Temperature Physics, vol. 34, #6, pp. 
418-421,2008; 

3. L. Chotorlishvili, Z. Toklikishvili, J. Berakdar, „Stochastic switching and dynamical 
freezing in nonlinear spin  systems“, Physics Letters A, 373, (2009),  231-237; 

4. L. Chotorlishvili, Z. Toklikishvili, J. Berakdar, “Stochastic dynamics and control of a 
driven nonlinear spin chain: the role of Arnold diffusion”, Journal of Physics,  
Condensed Matter 21, 356001 (2009); 

5. L. Chotorlishvili, Z. Toklikishvili, „Chaos in generalized Jaynes-Cummings model“, 
Physics Letters A, 372  (2008), 2806-2815; 

6. L. Chotorlishvili, Z. Toklikishvili, „Chaotic dynamics of coupled two-level atoms in 
the optical cavity“, Eur. Phys.J. D 47, 433-445 (2008);  

disertaciis struqtura da moculoba: disertacia Sedgeba 
Sesavlisagan, eqvsi Tavisagan da daskvnisagan. Seicavs 131 nabeWd 
gverds. disertaciaSi warmodgenilia 1 cxrili 47 naxazi, citirebuli 
literaturis nusxa,  romelic Seicavs 123 dasaxelebas.   
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 Tavi I. dinamiuri qaosis mokle mimoxilva 
1.1. dinamiuri qaosis gansazRvreba 
 
didi xnis ganmavlobaSi Sexedulebani qaosis Sesaxeb asocirdeboda 
sistemaSi  Zalian didi Tavisuflebis xarisxis arsebobasTan.  TiTqosda 
gazis calkeuli molekulis moZraoba principSi determinirebulia, 
magram radganac sistema Sedgeba Zalian bevri nawilakisagan, amitom misi 
yofaqceva Zalian rTulia da amitomac dinamikuri midgoma kargavs azrs. 
magram rogorc mravalma gamokvlevebma aCvena SemTxveviT yofaqcevas 
SeiZleba adgili hqondes ramdenime Tavisuflebis xarisxis mqone 
sruliad determinirebul sistemaSi. Aaq Cven  saqme gvaqvs  parametrebis 
garkveuli mniSvnelobebisaTvis sistemis  aramdgrad moZraobasTan.     
  sistemis dinamikas, romlebSic xorcieldeba  aseTi aramdgradi 
moZraobani, ewodeba stoqasturi dinamiuroba anda determinirebuli 
(dinamiuri qaosi).  
  didi xnis ganmavlobaSi miCneuli iyo rom, Tu mocemulia Zalebi, 
romlebic moqmedeben nawilakebs  Soris, aseve nawilakebis sawyisi 
mdebareobebi da siCqareebi maSin SesaZlebelia viwinaswarmetyveloT 
sistemis yofaqceva drois nebismieri momentisaTvis. es warmodgenebi 
gabatonebuli iyo meCvidmete-mecxramete saukuneSi klasikuri meqanikis 
gavleniT, maSin mTeli samyaro warmodgenili iyo rogorc erTi didi 
dinamiuri sistema. es pozicia mecnierebaSi formulirebuli iyo 
laplasis mier da cnobilia rogorc laplasis determinizmi. 
  mecnierebis ganviTarebam da fizikaSi  dinamiuri stoqasturobis 
mimarTulebis gaCenam aCvena aseTi warmodgenebis simcdare. 
  Tanamedrove kompiuterebis gamoCenam da maTi saSualebiT 
Catarebulma eqsperimentebma AaCvenes, rom moZraobebi zogierT martiv 
dinamiur sistemaSi yovelTvis ar SegviZlia viwinaswarmetyveloT drois 
didi intervalSi. aseT moZraobas ewodeba qaosuri da mis gamosakvlevad 
Seiqmna axali maTematikuri aparati. 

konkretrulad, mravali sistemis moZraoba SegviZlia 
warmovadginoT Semdegi diferencialuri gantolebaTa sistemis saxiT [1]: 

    ( ; ;dx F x t
dt

)λ=               (1.1) 

sadac  droa, t ( )x t  cvladebi, romlebic sistemas axasiaTeben, xolo λ  

parametrebi romlis cvlilebazec damokidebulia sistemis yofaqceva. Tu 
gvinda SeviswavloT sistemis yofaqceva ara uwyvetad aramed raRac 
drois intervalebiT maSin (1.1) gantolebaTa sistema icvleba 
eqvivalentur diskretul gantolebaTa sistemiT: 

      ( )1 ,n nx F x λ+ =               (1.2) 

 

sistemis dinamiuri yofaqceva ganisazRvreba ( ), ,F x tλ  funqciis saxiT. 

saintereso movlenebi viTardeba maSin, rodesac F funqciis saxe aris 
arawrfivi, xolo cvladebi aris erTze meti. aseT sistemebSi 
mosalodnelia sxvasdasxva tipis yofaqceva mkacrad regularulidan da 
periodulidan sruliad aperiodul da qaosur moZraobamde. 

F
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 gadasvla erTi tipis yofaqcevidan meoreze xdeba sawyisi pirobebis 
anda sistemis maxasiaTebeli parametrebis cvlilebiT. 
  qaosuri moZraoba aris dinamiuri sistemis mdgomareobis 
aperioduli cvlileba, romelsac aqvs SemTxveviTi procesis Tvisebebi [2]. 
 am gansazRvrebaSi dinamiuri sistemis qveS igulisxmeba realuri 
sistema (fizikuri, qimiuri an biologiuri), romlis maxasiaTebeli 
parametrebi icvleba droSi da rac mTavaria misi evolucia calsaxad 
ganisazRvreba sawyisi pirobebiT. am bolo Tvisebas ewodeba determinizmi. 
determinirebuli sistemis yofaqceva ganisazRvreba kanonebiT, romlebic 
gamoisaxeba diferencialur gantolebaTa (1.1) sistemis anda diskretul 
gantolebaTa (1.2) sistemiT, ise rom sistemis yoveli momdevno 
mdgomareoba mkacrad ganisazRvreba wina mdgomareobiT. imisaTvis rom 
sistemaSi warmoiqmnas qaosi aucilebelia (magram ara sakmarisi) rom F  
funqciis saxe (1.1) diferencialur anda (1.2) diskretul gantolebaTa 
sistemaSi iyos sakmarisad Zlier arawrfivi F a bx≠ + .  

sityva “aperioduli” es niSnavs rom sistemis yofaqceva ar meordeba 
da miuxedavad sistemis determinirebulobisa ar SegviZlia ganvsazRvroT 
misi momavali mdgomareoba. 

da bolos “SemTxveviTi procesi” es aris procesi, romelis 
mimdinareobisas drois nebismier momentSi dinamiuri cvladebi iReben 
mniSvnelobebs, romlebic ar ganisazRvrebian maTi  winamorbedi 
mniSvnelobebiT. 

qaosis warmoqmna da ganviTareba damokidebulia TviTon sistemis 
Tvisebebze. erTmaneTisagan ansxvaveben   ori tipis sistemas: 
konservatiuli, romelSic energia rCeba mudmivi da disipaciuri, 
romlebSic energia mcirdeba sistemaSi xaxunis an energiis sxva raime 
gabnevis gamo. gare velebis ararsebobis dros molekulebi da atomebi 
warmoadgenen konservatiuli sistemis magaliTs. disipaciuri sistemis 
magaliTs warmoadgens garemoSi moZravi qanqara. 
 yvelaze ufro TvalsaCinod qaosi SegviZlia warmovadginoT 
klasikuri traeqtoriebis daxmarebiT fazur sivrceSi, e.i. sivrceSi 
sadac koordinatTa RerZebze gadazomilia sistemis koordinatebi da 
impulsebi [4]. Tu sistemis moZraoba xdeba raRac Zalebis gavleniT misi 
maxasiaTebeli koordinatebi da impulsebi arian drois  funqciebi 

 ( ) ( ), , 1... .i i i iq q t p p t i N= = =  

 sistemis mdgomareoba drois mocemul momentSi aRiwereba wertiliT 
fazur sivrceSi, xolo moZraoba traeqtoriiT fazur sivrceSi. 
yoveli moZraobis sawyisi pirobebi SeiZleba erTmaneTisagan 
gansxvavebuli iyos, yovel sawyis wertils Seesabameba misgan gamomavali 
traeqtoria.  
avRniSnoT  ( )x t -Ti sistemis maxasiaTebeli koordinatebi da impulsebi. 
Tu moZraoba qaosuria nebismieri ori traeqtoria, romlebis erTmaneTTan 
iyo Zalian axlos iwyebs erTmaneTisagan daSorebas Semdegi kanoniT: 

( ) ( ) ( )' ~ expx t x t Lt−       (1.3) 

sadac   eqsponentis maCvenebeli warmoadgens qaosis raodenobriv 
maxasiaTebels da ewodeba liapunovis maCvenebeli. 

L

qaosuri traeqtoriebis eqsponencialurad daSorebis efeqts uwodeben 
mgrZnobiarobas sawyisi pirobebis mimarT anda rogorc mas uwodeben 
“pepelas” efeqti. es saxelwodeba SemoTavazebuli iyo meteorolog e. 
lorencis mier [5], romelmac aRmoaCina determinirebuli qaosi. 
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gantolebebi, romlebic aRwerdenen dedamiwis atmosferoSi haeris 
nakadebs iyo Zalian mgrZnobiare sawyisi pirobebis mimarT. ase magaliTad 
peplis frTebis daqnevam  dedamiwis erT nawilSi principSi raRac drois 
Semdeg SeiZleba gamoiwvios qariSxali dedamiwis sxva nawilSi. es imas 
niSnavs, rom amindis zusti winaswarmetyveleba didi drois ganmavlobaSi 
SeuZlebelia. 

eqsponencialurad daSorebad traeqtoriebs Soris manZili ar 
SeiZleba usasrulod gaizardos, radganac nebismieri sistemis energia 
sasrulia da fazuri sivrce SemosazRvrulia, amitomac erTmaneTisagan 
daSorebuli traeqtoriebi aireklebian fazuri sivrcis sazRvarze da 
swrafad CaixlarTebian da qmnian absoliturad qaosuri moZraobis 
suraTs. 

rTuli sistemebis qcevis sawyis pirobebze damokidebuleba 
arawrfivi dinamikis erT-erTi fundamenturi debulebaa. igi laplasis 
determinizmis sapirispirod efuZneba im mosazrebas, rom bunebrivi 
sistemis sawyisi mdgomareobis uasasrulod zustad gansazRvra da 
Sesabamisad sistemis Semdgomi qcevis zusti winaswarmetyveleba 
SeuZlebelia. es jer kidev puankarem SeniSna 20-saukunis dasawyisSi [6]. 
igi aRniSnavda rom rTul sistemebSi “mcire cvlilebebi awmyoSi  iwveven 
mniSvnelovan cvlilebebs momavalSi”. puankares dakvirvebiT Tundac 
idealuri gazomvebisas, gardauvali mcire cdomilebebi aijamebian, ris 
Sedegadac bunebrivi procesebis momavlis prognozireba garkveuli 
drois Semdeg SeuZlebeli xdeba.          

qvemoT mocemulia arawrfivi sistemebis klasifikacia romelSic 
daimzireba dinamiuri qaosi. rogorc am sqemidan Cans erTmaneTisagan unda 
ganvasxvavoT dinamiuri qaosi disipaciur sistemebSi (amis magaliTs 
warmoadgens qanqara romelzec moqmedebs gare maiZulebeli Zala da 
xaxunis Zala) da konservatiul anu hamiltonuri sistemebi (amis 
magaliTia arawrfivi qanqara, planetebis moZraoba romelTa moZraobac 
aRiwereba hamiltonis gantolebebiT). 
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1.2 qaosi disipaciur sistemebSi  
rogorc ukve aRvniSneT, sistemis qaosuri moZraoba SeiZleba aRmovaCinoT 
rogorc disipaciur, aseve hamiltonur sistemebSi.  
erT-erTi martivi magaliTi disipaciuri sistemisa, romelic avlens 
qaosur yofaqcevas,  aris rotatori CaxSobiT, romelzec moqmedebs 
perioduli biZgebi.  am rotatoris moZraobis gantoleba Caiwereba 
Semdegnairad [3]: 

( ) ( )
0n

F Kf t nTϕ ϕ ϕ δ
∞

=

+ Γ = = −∑ ,                                         (1.4) 

sadac  Γ  CaxSobis mudmivia, T  biZgebs Soris periodi, F  gare 
maiZulebeli Zala. 
ATu SemovitanT axal cvladebs ,x ϕ=   y ϕ= , z t= , maSin (1.4) SeiZleba 
gadaiweros diferencialur gantolebaTa sistemis saxiT: 

  ( ) ( )
0

;

;

1;
n

x y

y y Kf x t nT

z

δ
∞

=

=

= −Γ + −

=

∑                                           (1.5) 

A(1.5) gantolebaTa sistemis integrirebiT SegviZlia is daviyvanoT 

organzomilebian asaxvamde: ( ) ( ) ( )
0

, ,limn nx y x nT y nT
ε

ε ε
→

= − −⎡ ⎤⎣ ⎦ ,  

veZeboT (1.5) meore gantolebis zogadi amonxsni ( )1nT t n Tε ε− < < + −  

intervalSi Semdegnairad:   ( ) ty A t e−Γ= .                              (1.6)           

(1.6)-is (1.5)-is meore gantolebaSi CasmiT miviRebT: 

( ) ( ) ( ) ''
t

t

nT

'A t A nT F t e dt
ε

Γ

−

= + ∫                                             (1.7) 
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(1.7)-dan miviRebT : 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

'

'

' '

' '

t
t tt t

nT

t
t nT t t

n
nT

y t A t e A nT e F t e dt

y e F t e dt

ε

ε

Γ −−Γ −Γ

−

−Γ − Γ −

−

= = +

= +

∫

∫
                         (1.8) 

(1.5)-is gamoyenebiT (1.8)-dan gveqneba: 

( ) ( )( ) ( )t nT
n ny t y Kf x e−Γ −= +                                            (1.9) 

roca ( )1t n T= +  maSin ( ) ( )( ) 11 ny t y n T y += + =  da (1.9)-dan: 

( )1
T

n ny e y Kf x−Γ
+ = +⎡ ⎤⎣ ⎦n   

Aanalogiurad, (1.5) gantolebaTa sistemis pirveli gantolebidan 
miviRebT: 

( )(1
1 T

n n n n
e )x x y Kf
T

−Γ

+
−

= + + x                                        (1.10) 

Aamgvarad miviReT asaxva: 

( )

( )

1

1
1

T
n n n

T

n n n n

y e y Kf x

ex x y Kf

−Γ
+

−Γ

+

= +⎡ ⎤⎣ ⎦
−

= + + x⎡ ⎤⎣ ⎦Γ

                                       (1.11) 

Lkvadratuli asaxva. es asaxva  miiReba (1.11) asaxvidan Zlieri CaxSobis 

dros, roca Γ→∞ da  ise rom K →∞ 1
K
Γ
→ ,  maSin  da ny →∞

( )1n n nx x f x+ = + . Tu aviRebT,  rom ( ) ( ) 21n n nf x r x r= − − x , maSin miviRebT 

kvadratul asaxvas:  

( )1 1n n nx rx x+ = −                                                      (1.12) 

(1.12) gantoleba SeiZleba gamoyenebul iqnas populaciis dinamikisaTvis 

Caketil garemoSi. vTqvaT nx  aris populaciis raodenoba  weliwads 

Caketil garemoSi (magaliTad kunZulze). maSin 

n

1nx +  damokidebuli iqneba 

populaciis raodenobaze wina wels anu nx -ze, agreTve sasicocxlo 

garemos Tavisufal nawilze, romelic proporciulia ( )1 nx− -is. Ee.i. 

( )1 1n n nx rx x+ = − , sadac  gansazRvreba populaciis ganviTarebis tempiT, 

sikvdilianobiT, garemo faqtorebiT da a. S.  

r

TiTqosda nx  mniSvnelobebi unda miiswrafodnen raRac saSualo 

mniSvnelobisaken , magram rogorc aCvenes grosmanma da tomem (Grossmann, 
Thomae, 1977) [7], feigenbaumma (Feigenbaum, 1978) [8,9],  kolem da treserma 

(Collet, Tresser, 1978) [10], logistikuri asaxvis iteraciebi 1,x  2 ,x  ... nx  gare 

 parametris cvlilebisas avlenen sakmaod rTul yofaqcevas, romelic 
xdeba qaosuri -is raRac mniSvnelobidan dawyebuli.  
r

r
SemovitanoT asaxvis uZravi wertilis cneba. ( )1n nx f x+ =  asaxvis uZravi 

wertili ewodeba iseT *x  wertils,  romlisTvisac ( )* *x f x=  anu 

( )* *
1n n

*
nx f x x += = .  
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 vipovoT (1.12) asaxvis uZravi wertilebi: ( )* * 1 *x rx x= − , saidanac *
1 0x =  da 

*
2

11x
r

= − . radganac 0x ≥ , amitom roca 1r <  gvaqvs erTi  uZravi 

wertili, roca , maSin gvaqvs meore uZravi wertilic: 

*
1x = 0

1r > *
2x 11

r
= − . 

gavarkvioT uZrav wrtilTa mdgradobis sakiTxi. saerTod uZrav *x  

wertils ewodeba ( )1n nx f x+ =

0

 asaxvis mdgradi wertili, Tu misi 

maxlobeli yoveli x  wertili miizideba *x -sken, anu iteraciaTa 

mimdevroba 0 ,x  ( )0 ,f x  ( )( )0f f x ,… ( )( )0...f f f x  ikribeba *x -ken. 

davadginoT uZrav wertilTa mdgradobis kriteriumi. avRniSnoT manZili 

nx  wertilidan *x -mde nδ -iT. maSin gveqneba: 

( ) ( )
( ) ( )

* * *
1 1

* *
*' .

n n n n

n
n n

n

*x x f x x f x x

f x x
f x

δ δ

δ
δ δ

δ

+ += − = − = + −

+ −
= =

=

                           (1.13) 

Aaqedan  ( )*1 'n

n

f xδ
δ
+ = , rodesac ( )*'f x 1<  maSin 1n nδ δ+ < , e.i. n -is gazrdiT 

manZili nx  wertilsa da *x  uZrav wertils Soris klebulobs da *x  

wertili aris mdgradi uZravi wertili, rodesac ( )*'f x 1> , maSin 

1n nδ δ+ > , e.i. -is gazrdiT manZili n nx  wertilsa da *x  wertils Soris 

izrdeba da *x  wertili xdeba aramdgradi.  

Kkvadratuli asaxvisaTvis ( ) ( )1f x rx x= −  da ( ) ( )' 1 2f x r x= − . uZrav 

wertilebSi: 

( )*
1'f x = r  da ( ) ( )*

2' 2f x r= − . 

roca , maSin 1r < ( )*
1' 1f x <  da ( )*

2'f x >1 , e.i. *
1x  mdgradia,  xolo *

2x  

aramdgradi.  

roca  maSin 1 r< < 3 ( )*
1'f x >1 da ( )*

2'f x 1<   e.i. *
1x  wertili xdeba 

aramdgradi, xolo *
2x  wertili mdgradi.  

roca   , maSin 3r > ( )*
1' 1f x >  da ( )*

2'f x >1 e. i. orive wertili xdeba 

aramdgradi.  

ra xdeba amis Semdeg? amisaTvis ganvixiloT meore iteraciac ( )f x -Tan 

erTad ( ) ( )( )2f x f f x= .  

Tu *x  uZravi wertilia ( )f x -Tvis maSin is uZravi darCeba ufro maRali 

iteraciebisTvisac. marTlac, Tu ( )* *f x = x , maSin 

( ) ( )( ) ( )2 * * * *f x f f x f x= = x= , ( ) ( )( )( ) ( )( ) ( )3 * * *2 * *f x f f f x f x xf f x= = = =

sazogadod, Tu 

. 

( )1 *n *f x x− =  gamodis, rom ( ) ( )( ) ( )* 1 * *n n *f x f f x f x− x= = = .  
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( )f x*xTu UuZravi wertili  a i wertili ris aramdgrad -is mimarT, is 

xdeba aramdgradi 2f  da ufro maRali iteraciebis rT. marTlac, mima

( )*' 1f x >  pirobidan gamomdinareobs, rom: 

( )( ) ( )( ) ( ) (( ) ) 22 ' * * 1f x = > . * * *' ' ' 'f f x f f x f x f x= ⋅ =

 wertili, romelic iyo mdgradi uZravi wertili 2f*x -sTvis, roca 3r < , 

 SemTxvevaSi  xdeba aramdgradi da Cnde  axali
we  w snaT
gant

3r > ba ori  uZravi 
rtili. imisaTvis, rom vipovoT es ori axali uZravi ertili amovx  

oleba: 

( ) ( )( )2x f x f f x= = ,                                                  (1.14) 

saidanac miviRebT: 

( ) (( ))2 1 1 1x r x x rx x= − − − .                                             (1.15) 

imis gaTvaliswinebiT, r
1

om 0x =  da 1x
r

= −  arian uZravi wertilebi,  

3x(1.15)-dan miviRebT ganto as leb  da 4x  uZravi wertilebis 

gansasazRvravad: 

( ) ( )2 2 1 1 0r x r r x r− + + + = .                                             (1.16) 

Aam gantolebis diskriminantia: ( )( )2 1 3D r r r= + −  

3r >saidanac Cans, rom am gantolebas amonaxsni maSin aqvs, roca 

3r <
, e.i. 

roca  ( )2f x x= 1 0x = gantolebas aqvs ori uZravi wertili   da 

2 1x = − o  3r >  gauCndeba kidev ori uZravi wertili
1
r
, x lo roca : 

( ) ( )( ) ( ) ( )( )
3 4; .

2 2
r r

x x
r r

+
= =               (1.17) 

Aadvilia imis danaxva, rom  

1 1 3 1 1 3r r r r− + − + + + −

( )f x  asaxvas es ori wertili gadahyavs 

erTmaneTSi, e.i. ( )3 4f x x=  da ( )4 3f x x= . 

marTlac, ( )2
3 3x f x= a  d ( )2

4 4x ( )( ) ( )( ) ( )2 2
3 3f x= 3f f x f f x f x= =. , e.i. 

( )3f x  ari wertils uZravi i 2f  asaxvisTvis, magram aseTi wertili  

4SeiZleba iyos x , 1x  da 2x  ver iqneba, radganac: 

( )2
1 1f x x=  da ( )2

22f x x= . aqedan gamodis, rom ( )3 1f x x=  an ( )3 2f x x= , es 

ki ewinaaRmdegeba tolobas ( )1 1f x x=  da ( )2 2f x x= . darCa erTaderTi 

SemTxveva  ( )3 4f x x= . Aanalogiurad SeiZleba imis damtkiceba rom 

( )4 3f x x= . Eese igi miviReT rom ( )3 4f x x=  da ( )4 3f x x= . gamovikvloT am 

is mdgradobis sakiTxi: wertileb ( ) ( )( ) ( ) ( ) ( )2 '
3 3' ' 3 ' 4 3' .f x f f x f x= ⋅ f x f x= ⋅  

( ) ( )( ) ( ) ( ) ( )2 ' '4 4 4 3' ' ' 3 ,f x f f x f x f x f x= ⋅ = ⋅  aqedan gamovida ( ) ( )2 ' 2 '
3 4f x f x= , 

ese igi es ori wertili erTdroulad iZens da kargavs mdgradobas. 

vipovoT 3x  da 4x  wertilebis mdgradobis kriteriumi. Aam wertilebis 

( ) ( ) ( ) ( )2 ' 2 ' ' ' 1f x f x f x f x3 4 3 4= = <mdgradobisaTvis aucilebelia rom . 
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(1.17) gamo xuleb bis gamoyenebiT miviRebT: 

(
sa e

) ( ) ( )( ) ( )( )2
3 4 3 4' ' 1 2 1 2 1f x f x r x x⋅ = − − = −  1 3 1r r+ − <                (1.18)

3 1 6r< < + . romlis amoxsniT miviRebT rom Ee.i. am dros xdeba periodis 
gaormageba. 
SevajamoT miRebuli Sedegebi: 

1) roca 1r <  sistemas aqvs erTi mdgradi wertili 1 0x =  da erTi 

aramdgradi 2 1x = − ; 
1

2) roca , maSin 
r

 1 3r< < 1x  xdeba aramdgradi da 2x  wertili mdgradi; 

3 1 6 3.44r< < ≈ 9+ , maSin xdeba periodis gaormageba sistemaSi 3) roca 
anu xdeba pirveli bifurkacia. warmoiqmneba ori mdgradi wertili 

( )2 ( ) ( )3x  da 4x f x 3 4f x x= 4 3f x x=,  asaxvis 2 periodiT  da , anu 

warmoiqmneba 2 periodiani atraqtori. Ees imas niSnavs rom 

nebismieri iteracia [ ]0,1  Sualedze oscilirebs da miizideba 3x  da 

4x  wertilebisaken. 

roca 1 6r > + , maSin 3x  da 4x  wertilebi kargaven mdgradobas. Aam dros 

( )4 *
1 ,x  *

2 ,x  *
3 ,x  *

4 ,xf x  asaxvas uCndeba oTxi mdgradi uZravi wertili:  

iseTi, rom  ( )* *
1 2 ,f x x  = ( )* *

2 3 ,f x x=  ( )* *
3 4f x x=  da ( )* *

4 1f x x= , e.i. 

ciebis nebismieri Tanmimdevroba saboloo j i am o  
wertilTagan er da S
itera amS   Tx

emdgom aRar moscildeba T-erTs daemTxveva 

( )* * * *
1 2 3 4, , ,x x x x  wertilTa jgufs anu miiReba  periodiani atraqtori, 

adgili aqvs periodis gaormagebas anu ikvreba 24 2

4

=   cikli da a.S.  

kvniT rom: 1n nr r r−zogadad vas < < -Tvis gvaqvs mdgradi 12n−  cikli: 

( )10 1 2 2 1
, , ,... ,nx x x x − −

 romelsac axasiaTebs Semdegi Tvisebebi: * * * *

( ) ( )1* * 2 *
1,i i

*n

i if x x f x+= = x ( ) ( )12 * *−

, * i i
iidx

' 1
nd f x f x
−

= <∏
-Tvis xdeba gaormagebis bifurkacia, rac gamoixateba imaSi, rom 

               (1.19) 

nr r= 12n−  

vela wertili xdeba aramdgradi da Cndeba  cikli. Aamg  
periodis gaormagebis, gaoT

gziT sablood raRac 

ciklis y 2n varad
xmagebis, garvamgebis, gaTeqvsmetmagebis da a.S. 

4r∞ <  mniSvnelobaze viRebT x -is qaosur 

yofaqcevas, TumcaRa srulyofili qaosi, roca x -is mniSvnelobebi 

qaosurad mTel [ ]0,1  intervals avseben miiReba 4r =  mniSvnelobisaTvis. 

4r f∞ < <  mniSvnelobebisaTvis x -is yofaqceva marTalia qaosuria, magram 

igi [ ]0,1  intervalidan yvela mniSnelobebs ver ebs. Aamgvari gziT 

eJimSi gadasvlis scena s uwodeben feigenbaumis scenars.  

is, rom isini qmnian zrdad mimdevrobas, romelsac ikribeba r

 iR

qaosur r r
 bifurkaciuli mniSvnelobebis erT- erTi mniSvnelovani Tviseba aris r

∞  

mniSvnelobisaken: limr rk
k

∞
→∞

= . 

 13



r∞ -is mniSvneloba SeiZleba napovni iqnas ricxviTad [11-13]: 

3.569945672...r∞ = .D   

 
cxrili 1.1. -s ramdenime pirveli bifurkaciuli mniSvneloba.  

 ricxvebi, romelTa ramdenime pirveli mniSvneloba warmodgenilia  

cxrilSi, eqvemdebareba Semdeg kanonzomierebas: -is im mniSvnelobobaT
sxvaoba, romlebic Seesabameba or erTmaneTis momdevno bifurkacias, 

kr

kr

mc

1.1
a r

irdeba TiTqmis mudmivi koeficientiT [9]:  1

1

lim
k r r

k k

k k

r r− δ−

→∞
+

=
−

.  

δ - ricxvs ewodeba feigenbaumis universaluri mudmiva [9]. is ar aris 
damokidebuli asaxvis arCevaze. sxva sityvebiT rom vTqvaT, periodis 
gaormagebis bifurkaciebi aris universal buri. igive ifurkaciuli 
suraTi daimzireba nebismieri wertilovani asaxvisaTvis erTaderTi 
maqsimumiT, romelic aproqsimirdeba kvadratuli funqciiT maqsimumis 
wertilSi, Ue.i. qaosSi gadasvla aqvs universaluri xasiaTi.  
bolos moviyvanoT ricxviTi Sedegebi. 
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ax. 1.1 qaosSi gadasvlis feigenbaumis scenari. 
 

xNn  RerZze gadazomilia 

eraciebis raodenoba  ( )1 1n n nx rx x+ = −it  asaxvisaTvis,  RerZze 

dazomilia 

y

nx  mniSvnelobebi. Nnaxazebi agebulia 

 )a 0.99999r
rga  parametris 

vadasxva mni elobisaTvisSvn =  am SemTxvevaSi  gvaqvs erTi sx

mdgradi wert i il 0x =  da nx  mniSvnelobebi miizideba am mdgradi 

rtilisaken; 

 , 

we

)b 2.5r = 0x =  wertili kargavs mdgradobas da sistemas uCndeba axali 

li mdgradi werti
11 0x
r

= − = .6 , nx  mniSvnelobebi miizidebian am 

 , xdeba periodis gaormageba wertilisaken; )c 3.3r = 0x =  da   

11 0.6x
r

= − =  wertilebi kargaven mdgradobas, samagierod Cndeba axali 

ori mdgradi wertili 
( ) ( )( )

3

1 1 3
0.52;

2
r r r

x
r

+ − + −
= ≈   da 

( ) ( )( )
4x

1 1
2

r r
r
+ 3

0.82
r −

= ≈
+ +

; 

 da  xdeba Sesabamisad periodis gaoTxmageba da 3.46r =  )e 3.562r =d)
garvamageba, )f  3.6r = , am SemTxvevaSi r r∞> , xdeba qaosSi gadasvla, 

Tumca nx  mniSvnelobebi mTli n [0,1] intervals, )g 3.84ranad ar avse  be =   

perioduli yofaqcevis fanjara qaosuri yofaqcevis reJimSi. [ ,4]r∞  

intervalis raRac qveareebSi, nx  asaxv

rul a
gularuli yofaqcevis fanjrebi kargad Cans nax.1.2.   

 

is qaosuri yofaqceva SeiZleba 

Seicvalos regula iT. A m suraTze adgili aqvs periodis 
gasammagebas. re

)h  , rogorc am suraTidan Cans gvaqvs sruli qaosi 3.999r =
( )1 1n n nx rx x= −+  asaxvisaTvis,  nx  mniSvnelobebi qaosurad avseben  [0,1]

intervals.      
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Nnax. 1.2. asimptoturi iteraciebi ( )1 1n n nx rx x+ = −  asaxvisaTvis, roca 

; naxazze naCvenebia [ ]2.8;4r∈ nx  mniSvnelobebis 

r  par

, romlis Semdeg perioduli da aperioduli 

atraqtorebi erTmaneTs enacvleba anu gvaqvs regularuli yofaqcevis 
3.75r

r  parametrze 

damokidebulebis grafiki. Nnaxazze Cans rom ametris cvlilebisas 
a periodebis atraqtorebis gaCena, romlebic 

erTmaneTisagan gamoyofilni arian bifurkaciebiT, romlebsac mivyavarT 
periodis gaormagebamde. Aam bifurkaciebis kaskads aqvs dagrovebis 

qcevis areebSi:   

xdeba sxvadasxv

wertili 3.569945672...r∞ =

fanjrebi qaosuri yofa ≈  mniSvnelobis midamoSi 
ara sad ziros atraqtori sakmaod kargad Cans fanj

periodiT xuTi,  xolo r
ac SeiZleba daim

3.84≈  midamoSi gvaqvs fanjara, sadac SeiZleba 
daimziros atraqtori periodiT sami.  
Bbolos avRniSnoT, rom logistikuri asaxvis Sesaxeb dawvrilebiT 
Teorias mkiTxveli SeiZleba gaecnos [9] statiaSi, agreTve [11-14] 
monografiebSi.    
liapunovis maCvenebeli. vTqvaT mocemuli gvaqvs wertilovani asaxva: 

( )n nx f x= . Lliapunovis maCvenebeli gviCvenebs am asaxvi  

i 

s Sedegad

0xTavdapirvelad  mezoblad myof  da 0x ε+  wertilebis 

ialurad urTierTdaSorebis an urTierTdaaxloebis xarisxs. 

mocemul 0

eqsponenc

x   wertilSi liapunovis aCvenebeli Semdegnairad 

gamoiTvleba [3]: 

m

 
  Aam naxazis mixedviT gveqneba: ( ) ( ) ( )0

0 0
N x N Ne f x f xλε ε⎡ ⎤= + −⎣ ⎦       (1.20) 
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0ε → , romelic zRvarSi, roca N →∞  gvaZlevs zust formulas  

( )0xλ -sTvis: 

( ) ( ) ( )( ) 0 0 0
0

0

1 1ln lnlimlim lim
N N N

N 0N

f x f x df x
x

Nε

ε
λ

→∞ →

+ −
= =          (1.21) 

N dxε →∞

 aqedan gamomdinareobs, ( )0xeλrom - es aris gaWimvis koeficienti. is 
, Tu saSualod ramdenjer izrdeba erTi iteraciis Semdeg 

manZili or mezobel maxlobel wertils Soris. 
roca 0

gviCvenebs

λ < , maSin sawyis momentSi mezoblad myofi nebismieri ori 
wertili iteraciaTa Sedegad kidev ufro uaxlovdeba erTmaneTs. am 
dros Ggveqneba stacionaluri moZraoba. roca 0λ >

gaSlas. Aam dros gveqneba qaosuri 
c

 , adgili aqvs 
mezobeli wertilebis eqsponencialur urTierTdaSorebas, anu dasawyisSi 
maxlobel wertilTa eqsponencialur 
yofaqceva – sawyis momentSi sul mcire fluqtua iac ki droiTi 
evoluciis Sedegad ki ar Caqreba,  aramed eqsponencialurad 
gaZlierdeba. 0λ =  aris bifurkaciuli mniSvneloba. Aam dros manZili 

icvleba droiTi evoluciis Sedegad. Ees mezobel wertilebs Soris ar Se
aris aramdgradi, praqtikulad ganuxorcielebeli SemTxvevaa.  

rogori iqneba liapunovis maCvenebeli  ( )1 1n n nx rx x+ = −  kvadratuli 

asaxv  
amisaTvis gavixsenoT rom nebismieri saxis asaxvisaTvis: 

isaTvis?

( ) ( ) ( ) ( ) ( ) ( )
0 0x x

2
0 0 1' ' ' '

x x

d d
0f x f f x f f x f x f x f

dx dx
= = =⎡ ⎤⎡ ⎤⎣ ⎦ ⎣ ⎦ , x ( )1 0x f x≡ ; 

= =

( ) ( ){ } ( )
1

'0

0

... '
N N

i
i

df x
f f f f x f x

dx

−

=

⎡ ⎤= =⎡ ⎤⎣ ⎦⎣ ⎦ ∏                                  (1.22) 

gadavw  liapunovis maCvenebeli Semdegi saxiT: 

( )

eroT

( ) ( )

( )

1
0

0 0
0

0

1 1ln ln '

1 ln '

lim lim

lim

N N

N N i

N

i
N i

df x
x f x

N dx N

f x
N

λ
−

→∞ →∞ =

→∞ =

= = =

=

∏

∑
                        (1.23) 

Kkvadratuli a isaTvis saxv ( ) ( )' 2 1 2i if x x= − , amitomac gveqneba: 

( ) ( )0
1ln ln 1 2lim

N

i
0N i

x r x
N

λ = + −∑                                    
→∞ =

ganvixiloT r -is sxvadasxva intervalTa Sesabamisi SemTxvevebi: 
a) 0 1r≤ ≤  am d

    (1.24) 

ros, rogorc viciT, kvadratul asaxvas gaaCnia erTaderTi 

rtili  da igi mdgradia, amitomac iteraciaTa sasruli 

raodenobis Semdeg sabolood am wertilSi mivdivarT, sadac logariTmi 
odenobis iteraciebisas logariTmi 

arsad usasruloba ar xdeba amitomac (1.24)-Si zRvari nulis toli gamova 

* =uZravi we

da sabol

1 0x

nulis tolia. Aradgan am sasruli ra

ood miviRebT, rom ( ) ( )0x rlnλ =  e.i ganxilul areSi liapunovis 

maCvenebeli yvelgan uaryofiTia garda 1r = -is Sesabamisi SemTxvevisa, 
roca 0λ =
stabilu

. Ees marTlac ase an  intervalSi 
ri mdgomareoba gvaqvs , xolo 

 unda iyos, radg
1r

0 1r< <
=  warmoadgens kvadratuli 

asaxvis bifurkaciul mniSvnelobas. 
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b) , am SemTxvevaSi erTaderTi mdgardi uZravi wertilia 1 3r< ≤ *
2

11x
r

= − . 

Aaqac sasruli raodenobis iteraciebs  isev * 1
2 1x

r
= − -sken mivyavarT, 

) ( )amitomac gveqneba rom: ( 0 ln 21ln ln 1 2 rx r r−⎛ ⎞
r

λ = + −
⎝ ⎠

SualedSic 

liapunovis maCvenebeli yvel a 
sadac is nulis tolia, 

= −⎜ ⎟ . Aam 

gan uaryofiTia, garda 3r =  wertilis
2r =  ki gvaqvs, rom λ → −∞ . 

3 1 3.45r< ≤ + ≈  am SemTxvevaSi 6 f  asaxvas mdgradi uZravi g) wertili 

saRara aqv , magram samagierod ori mdgradi uZravi wertili uCndeba 2f   

asxavas: *
3,4

1 31
2 1

r rx
r r
⎡ ⎤+ −

= ±⎢ ⎥+⎣ ⎦
. Aamitomac sasruli raodenobis iteraciebis 

Semdeg am wertolTa wyvilSi mivalT da zemoTTqmulis ZaliT gveqneba: 

( ) ( ) ( ) ( ){ }* * 2
0 3 4

1 1
2 2

x ln ln 1 2 ln 1 2 ln 4 2r x x r rλ = + − + − = + −

is Cvenebeli yvelgan 

. Aam formulidan Cans, 

rom ganxilul SemTxvevaSi liapunovis ma

uaryofiTia, garda 

r -
1 6r = +  bifurkaciuli mniSvnelobisa, sadac igi 

nulis tolia. 
Aanalogiuri suraTi gveqneba periodis gaormagebisas, garvamageb  

asaxvisaTvis eqneba nax.1.3-ze mocemuli saxe. 

isas da
a.S. qaosuri yofaqcevis areSi ki liapunovis maCvenebeli dadebiTi gamova. 
Lliapunovis maCveneblis damokidebulebas  parametrze kvadratuli r

N 
nax. 1.3  liapunovis maCveneblis λ -s -ze damokidebulebis grafiki 

kvadratuli asaxvisaTvis 

r
[ ]2.8;4r∈  SualedSi. 
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rogorc zemoT avRniSneT, feigenbaumis scenariT qaosSi periodis 
gaormagebiT gadasvla ar aris damaxasiaTebeli mxolod kvadratuli 
asaxvisaTvis. magaliTad [16]-Si  ganxilulia Semdegi saxis asaxva: 

( )1 exp 1n n nx x r x+ = −⎡ ⎤⎣ ⎦ .    am asaxvisaTvisac damaxasiaTebelia qaosSi 

gadasvla feigenbaumis scenariT.  nax. 1.4 a)-b).  
 

 
                   a)                                   b) 

Nnax. 1.4 a) -s -ze damokidebulebis grafiki r ( )1 exp 1n n nx x r x+ = −⎡ ⎤⎣ ⎦kx  

asaxvisaTvis . grafiki agebulia 2.0 0r 4.< <  areSi. periodis gaormagebis 
dagrovebasa da qaosis  dawyebas Seesabameba 2.6824r =  wertili. 
b) λ  liapunovis maCveneblis -ze damokidebulebis grafiki 

(
r

)1 exp 1n n nx x r x+ = −⎡ ⎤⎣ ⎦  asaxvisaTvis. 

rogorc ganxilulma magaliTebma  gviCvenes, qaosis damaxasiaTebeli erT-
 liapunovis maCvenebeli, romelic gviCvenebs Tu 

ramdenad mdgradni arian traeqtoriebi fazur sivrceSi. dadebiTi 
liapunovis maCveneblis arseboba stoqastu

erTi niSani aris

ri moZraobis erT-erTi 
riTadi kriteriumia. 

Lliapunovis maCveneblebi mravalganzomilebiani dinamiuri 
sistemebisaTvis ganisazRvreba Semdegnairad [15]: 
davuSvaT mocemuli gvaqvs dinamiuri sistema, romelic aRiwereba 

gantolebaTa sistemiT:  

Zi

( ) ( )( )X t F X t= ,                               (1.25) 

sadac   ganzomilebiani veqtoria X n 1 2, ,... nx x x   komponentebiT. 

 erTmaneTis maxlobeli traeqtoria ganvixiloT ori ( )X t  da ( )1X t , 

romlebic gamodian wertilidan  da 0X 10X . davuSvaT ( ) ( ) ( )1X tY t X t= −  

( ( ) 10= − 00Y X X ), Tu traeqtoriebi erTmaneTTan axlos arian, maSin ( )Y t  

veqtoris evolucia SegiZlia aRvweroT gawrfivebuli gantolebebiT: 

(
    

)X X tX =∂

sadac 

FY Y∂
= ,                                                   (1.26)  

F
X
∂
∂

 matricaa elementebiT: i

i

F
X
∂
∂

. cnob i ,  roil a m (1.26) gantolebaTa 

sistemas gaaCnia n fundamenturi kerZo amoxsna ( )iy t  iseTi rom 

Tvis zRvari: TiToeuli maTganisa
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 ( ) ( )
( )0

1ln
0lim i

i
t i

y t
X

t y
λ

→∞

=                                              (1.27) 

Aarsebobs da gaaCnia gansazRvruli mniSvneloba. Aam ( )0i Xλ  sidideebs 

ewodebaT liapunovis maCveneblebi.   

Zr bi

d Tu s maxasiaTebeli
parametris cvlilebis dros. (magaliTad:
feigenbaumis scenariT qaosSi gadasv

uli 
s perio  
i mouwes

gadadis regularulSi; 
st apun

maCvenebeli dadebiTia, e.i. es imis niSania, rom sistemaSi gvaqvs 

isaken, romelsac ewodeba atraqtori. 
vaCvenoT es van-der-polis oscilatoris magaliTze: 

   

ismis kiTxva, rogor unda aRmovaCinoT  qaosuri moZraoba da riT 
xasiaTdeba is. 
Qdisipaciur sistemebSi qaosuri moZraobis damaxasiaTebeli Tvisebebia:  

1. sawyisi pirobebis mimarT mgrZnobiaroba; 
2. mo ao s farTo furie speqtri; 
3. fazur sivrceSi moZraobis fraqtaluri Tviseba, romelic 

miuTiTebs ucnauri atraqtoris arsebobaze; 
4. regularuli moZraobis mzar i gar leba sistemi  

 periodis gaormageba 
lis dros); 

5. gardamavali anu monacvleobiTi qaosuri moZraoba. araregular
moZraobi duli afeTqebebi (monacvleobiTi qaosi), anda
dasawyisS rigebeli moZraoba, romelic bolos da bolos 

6. si emis maxasiaTebeli li ovis maCvenebeli. Tu liapunovis 

qaosi; 
disipaciuri dinamiuri sistemebi xasiaTdebian, yvela traeqtoriebis 
mizidviT geometriuli obieqt

( )
2

2
2 0d d

dt dt
(1.28) gantoleba aRwers qanqaras 

θ θε θ θ− − + =                                         (1.28) 

romelzec moqmedebs maiZulebeli 
Zala da xaxunis Zala.  
 

 
 
 
Nnax 1.5 van-der-polis oscilatoris fazuri portreti rodesac 0.4ε = . 

 gantolebis erT-erTi amonaxsni fazur Aam ( ),θ θ  sivrceSi warmodgenilia 
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Caketili traeqtoriis saxiT romelsac Eewodeba zRvruli cikli. Tu 

avirCevT or sawyis mdgomareobas 1) ( )0 1 1;M θ θ   zRvruli ciklis gareT,  

( )0 2 2' ;M θ θ  zRvruli ciklis SigniT, maSin fazuri traeqtoriebi 2) 

miiswrafian zRvruli ciklisaken. 

tolia energiis danakargis, myardeba stacionaluri mdgomareoba. gvaqvs 
perioduli reJimi, rxevis mudmiv  amplitudiT, xolo traeqtorias 
fazur sivrceSi aqvs zRvruli cikli. ciklis mimzidav xasiaTSi Cven 
davrwmundebiT, Tu sistemas mcired wavanacvlebT zRvruli ciklidan, 

magaliTad, qanqaras aRvagznebT biZgiT da mivaniWebT 

rodesac qanqaras amplituda aRwevs im mniSvnelobas, romlis drosac 
energia, romelic gadaecema qanqaras erTi ciklis ganmavlobaSi zustad 

i

θ  amplitudas da θ  

siCqares, romelTa mniSvnelobac aRemateba ,mθ  mθ  zRvruli ciklis 

maqsimalur mniSvnelobas. raRac s Semdeg disipa
aiZulebs qanqaris traeqtorias mi  

droebiTi damuxruWeba Seamcirebs mis amplitudas da siCqares  

 drois gasvli

disipacia kompensirdeba miwodebuli energiiT. Aanalogiurad, qanqaras 

cia 
uaxlovdes zRvrul cikls, romelzec

2θ , 2θ -

mde, magram Semdeg traeqtoria kvlav daubrundeba zRvrul cikls.  

 
   Nnax. 1.6 atraqtoris sqematuri gamosaxuleba. A atraqtori da B  misi 
misazidi are. traeqtoriebi, romlebic gamodian sawyisi ,α  ,β  ,γ  δ  

wertilebidan miziidebian A simravlisken Φ  nakadiT. 
 Yyvelaferi es zRvruli ciklis Sesaxeb SegviZlia ganvazogadoT 
Semdegnairad. Ffazur sivrceSi n diferencialur gantolebaTa sistemis 
amonaxsni: 

( ) ( )( )d X t F X t
dt

= nX R∈

qmnis nakads  Φ , romelsac disipaciuri sistemisaTvis aqvs mimzidavi 
(atraqtori). gansazRvrebis Tanaxmad atraqtori 

 ,                                             (1.29) 

A es aris kompaqturi 
simravle   fazur sivrceSi, romelsac aqvs Semdegi Tvisebebi: 
1. A invariantulia nakadis moqmedebis mimarT: A AΦ = ; 
2. A -s gaaCnia nulis toli moculoba n ganzomilebian fazur sivrceSi.  
3. A imyofeba ansxvavebulia da 
warmoadgens atraqtoris misazid ar . gansazRvrebis Tanaxmad, misazidi 
are ewodeba iseT wertilTa sim avles, rodesac  maTgan gamosuli 
traeqtoriebi, roca  miiswr

B  areSi, romlis moculoba nulisgan g
es

r
afian A -sken.  t →∞

Ae. i.  atraqtori aris diferencialur gantolebaTa sistemis 
amonaxsne is asimptoturi zRvari, am amonaxsnebis sawyisi wertilebi 
ekuTvnian  misazid ares.  maSinac ki, rodesac 

b
B A -s aqvs martivi 

geometriuli forma, -s aqvs Zalian rTuli struqturaB .   
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 davubrundeT isev zRvrul cikls imisaTvis rom gamovikvlioT 
atraqtoris ori mniSvnelovani maxasiaTebeli: sistemis mier sawyisi 
pirobebis Sesaxeb   informaciis dakargva da Tu ra gamomdinareobs 
aqedan atraqtoris ganzomilebis Sesaxeb.  

                   
ivrcis moculobis Semcireba, romelic dakavSirebulia Nnax. 1.7 fazuri s

y gva g vixiloT van-der-

mizidvasTan.    are romelic  SemosazRvravs raRac sawyis pirobebis 
simravles, C  atraqtorTan miaxloebisas gadagvardeba monakveTamde.  
 

Γ

saw isi pirobebis Sesaxeb informaciis dakar an
polis oscilatoris magaliTze, romelsac aqvs zRvruli cikli. Tavidan 
(zRvruli ciklidan moSorebiT) sistemis mdgomareobis dasaxasiaTeblad 

saWiroa ori koordinati θ  da θ  da amitomac sistemis aRsawerad 
saWiroa organzomilebiani fazuri sivrce anu zedapiri. sawyisi 

pirobebis simravle ( ),θ θ  e mulia  moculobiT.   

wertilTa 

ba naklebia fa i sivrcis 

ganzomilebaze e.i. naklebia sistemis Tavisuflebis xarisxze . G 
 es Sedegi eyrdnoba fazuri moculobis Semcirebas da erTdroulad 
atraqtoris arsebobas.  
  gamovTvaloT, Tu ra Sedegebamde mivyavarT fazuri moculobis 

Semcirebas. Ffazuri moculobis cvlilebis fardobiTi siCqare 

 Γfazur sibrty ze moce

Ddisipaciis Sedegad adgili eqneba am moculobis Semcirebas. Sesabamisad 
Γ  zedapiri nakadis moqmedebis Sedegad gadagvardeba C  mrudamde 
atraqtorze, e.i. xdeba informaciis dakargva im 

ur

urTierTganlagebis Sesaxeb, romlebic unda ekuTvnodnen Γ  simravles. 
Aamis Semdeg fazuri  wertilis mdebareobis gansazRvrisaTvis sakmarisia 
mxolod erTi mrudwiruli koordinati. Ees ilustracias  ukeTebs 
saerTo princips: atraqtoris ganzomile z

d n<

1 dV
V dt

 

ganisazRvreba lis warmoebuliT [11]: 
1

1 n
i

i i

xdV
V dt x=

∂
=

∂∑  aris x sadac ix  

veqtoris -uri komponenta i ( )nx R∈ .  Ddisipaciuri sistemebisaTvis es 

gamosaxuleba uaryofiTia e.i.: 
1 dV
V dt

α= − , aqedan 0
tV V e α−= . roca  

ia. 

t →∞

maSin 0V , e.i. roca traeqtoriebi aRweven atraqtors, sawyisi 
wertilebis nebismieri simravle V  moculobiT aisaxeba nulovani 
moculobis simravleze. TviTon atraqtoris moculoba nulis tol

→
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samganzomilebian sivrceSi moculobis qveS igulisxmeba  sivrcis 

ni

ken, meores mxriv isini eqspone cialurad 

a 
organzomilebiani atraqtorebisaTvis 

 sivrceSi, a
ar aris naklebi samze. Nnax. 1.8 warmodgenilia erT-erTi aseTi SemTxveva, 

erTmaneTs scildebian rogorc spir i 
debian sp eTi deba

usasrulod.   

3R

n

an

nawili. imisaTvis rom davakmayofiloT piroba d n< , nebismier 
atraqtors unda hqondes samze naklebi ganzomileba.  
rogorc vTqviT atraqtorze xdeba sawyisi pirobebis Sesaxeb informaciis 
dakargva. sinamdvileSi es asaxavs mxolod aramgrZnobiarobas sawyisi 
pirobebis mimarT da informaciis gaerTianebas, radganac mravali sawyisi 
piroba atraqtoris gareT evolucias ganicdis da jdeba atraqtorze.  
M meores mxriv, qaosuri reJimisaTvis damaxasiaTebelia traeqtoriebis 
erTmaneTTan dacileba drois sasrulo monakveTis Semdeg. Ees ki imas 

Snavs rom erTmaneTisagan umniSvnelod gansxvavebuli sawyisi 
mdgomareobebis simravle atraqtorze warmoqmnis Zalian bevr saboloo 
mdgomareobebs. Aam pirobas ewodeba mgrZnobiaroba sawyisi pirobebis 
mimarT. rac imas niSnavs, rom qaosur reJimSi rodesac lipunovis 
eqsponenta dadebiTia gvaqvs sawyis pirobebSi uzustobis gaZliereba 
droSi eqsponencialurad, rasac mivyavarT atraqtorze traeqtoriebis 
erTmaneTTan eqsponencialurad dacilebaSi.   
 warmoiqmna erTi SexedviT paradoqsi, erTi mxriv tareqtoriebi 
miizidebian atraqtoris
scildebian erTmaneTs. sinamdvileSi traeqtoriebis erTmanTTan 
dacileba atraqtoris ganzomilebas qvemodan SemosazRvravs. 
topologiuri mizezebiT sawyisi pirobebis mimarT mgrZnobiarob

traeqtoriebis evolucia unda xdebodes romlis g zomileb  

resleris atraqtori. rogorc naxazidan Cans,Mmezobeli traeqtoriebi 

sibrtyidan  da Semdeg isev brun iralze. as cesi meor  

 

SeuZlebelia [11, 24-25]. Ffazuri 

alze, gamodian horizontalur
pro

 
Nnax.1.8 fazuri traeqtoriebis dacilebis, sqematuri gamosaxva fazur 
sivrceSi resleris atraqtoris magaliTze.  Mmezobeli traeqtoriebi 
erTmaneTs scildebian, rogorc spiralze gamodian horizontaluri 
sibrtyidan  da Semdeg isev brundebian spiralze. aseTi procesi meordeba 
usasrulod.   
 Aamrigad, sawyisi pirobebis mimarT mgrZnobiarobas mivyavarT iqamde, rom 

atraqtoris ganzomileba 2d > . Gmeores mxriv disipaciur sistemebSi (e.i. 
sistemebSi sadac arsebobs atraqtori) fazuri sivrcis moculobebi 
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drois mixedviT mcirdeba . Sesabamisad atraqtoris moculoba unda iyos 
nulis toli, rasac samganzomilebian fazur sivrceSi mivyavarT 

utolobamde 3d < . Aatraqtori, romelic warmoadgens qaosur reJims unda 

iyos iseTi, rom sruldebodes utoloba 2 3d< < . erTi SexedviT aseTi 
piroba unda gamoricxavdes atraqtoris arsebobas, radganac evklidis 
ganzomileba unda iyos mTeli ricxvi. Mmagram atraqtorebi, romelTa 

ganzomileba akmayofilebs utolobas 2 3d< < , mainc arseboben. sxva 
araordinarul Tv

odeba

SeuZlia gaxdes qaosuri, Tu fazur 

mli

isebebTan erTad maT gaaCniaT wiladuri ganzomileba, 
omelsac ew  fraqtaluri ganzomi

 Aamrigad, SegviZlia vTqvaT, ro r dinamiur sistemas 
sivrcis ganzomileba metia an tolia 

samis. aseTi qaosi (mcire Tavisuflebis xarisxiT) ganpirobebulia 
atraqtorze sawyisi pirobebis mimarT mgrZnobiarobiT. Uucnauri 
atraqtoris yvelaze ufro mniSvnelovani Tvisebebi imaSi mdgomareobs 
rom: 

1. 

atraqtorisken. 
2. axlo traeqtoriebi atraqtorze scildebian erTmaneTs. (sawyisi 

pirobebis mimarT mgrZnobiaroba) 
3. atraqtors gaaCnia fraq

rogorc zemoT avRniSneT disipaciur dinamiur sistemebs gaaCniaT is 

r le

fazuri traeqtoriebi, yovel SemTxvevaSi isini, romlebic 
ganlagebulni arian atraqtorTan sakmaod axlos, miiswrafian 

taluri ganzomileba. 

ba. 
m disipaciu

Tviseba, rom rodesac t →∞  maTi amoxsnebi miiswrafian fazuri sivrcis, 
raRac qvesimravlisaken. Ees qvesimravle regularuli dinamikis 
SemTxvevaSi SeiZleba iyos  an mdgradi stacionaluri wertili, an 
zRvruli cikli anda invariantuli tori. Yyvela eseni warmoadgenen 
fazuri sivrcis qvesimravleebs. Tu disipaciur sistemaSi moZraoba 
qaosuria, maSin simravle, saiTkenac miizidebian disipaciuri sistemis 
amonaxsnebi, aris ucnauri atraqtori, romelsac ukve ar gaaCnia gluvi 
struqtura. Uucnauri atraqtoris geometriuli agebuloba gacilebiT 
ufro rTulia. maT gaaCniaT geometriuli (masStaburi) invariantoba anda 
rogorc amboben, skeilinguri struqtura. rogorc ukve avRniSneT, 
ucnauri atraqtori SeiZleba warmoiSvas diferencialur gantolebaTa 
sistemaSi, ro s fazuri sivrcis ganzomileba 3n ≥ . Tumca rTuli 
geometriuli mimzidavi simravle SeiZleba warmoiSvas dinamiur sistemaSi 
diskretuli droiT.  Aamis sailustracioT ganvixiloT enos asaxva. enos 
asaxva SeiZleba ganvixiloT rogorc logisturi asaxvis 
organzomilebiani ganzogadeba [17, 21]: 

2
1 1n n nx ax y+⎧ = − +⎪

⎨                                 
1n ny bx⎪⎩

imisaTvis rom miviRoT es asaxva gadavweroT (1.11) asaxva Semdegnairad: 

(

              (1.30) 
+ =

)1

1
1

T
n n n

T

n

y e y Kf x

ex

−Γ
+

Γ

+

⎧ = +⎡ ⎤⎣ ⎦⎪
⎨ −

= +⎪
⎩

                                        (1.31) 

1n nx y +Γ
MamovxsnaT (1.31)-is meore gantoleba 1ny + -is mimarT: 

( )1n nx x+ − Γ
1 1n Ty

e+ Γ=
−

                                                (1.32) 
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1T =CavsvaT 1ny +  da ny  (1.31)-is pirvel gantolebaSi, maSin roca  

miviRebT: 

( ) ( )1 1
11n n n n

ex e x e x Kf x−Γ −Γ
+ −+ = + +

Γ
                           (1.33) 

Tu (

−Γ−

)nf x   funqcias da parametrebs SevarCevT Semdegnairad: 

( ) ( ) 21 1 1n n n
e Kf x e x ax
−Γ

−Γ−
= − − + −

Γ
                                (1.34) 

maSin (1.34)-dan miviRebT: 
2

1 11n n nx ax bx+ −= − +                                                 (1.35) 

 rac eqvivalenturia (1.30) asaxvis. 

Tu (1.30) wertilTa simravles gamovsaxavT ( ),n nx y  fazur sivrceSi 

miviRebT egreT wodebul enos atraqtors.  Eenos atraqtori Sedgeba 
mrudebisagan, romlebsac gaaCniaT sasruli sigane, e.i.  Sinagani 
struqtura. imisaTvis rom amaSi davrwmundeT  aviRoT enos atraqtoris 
raime are da is gavadidoT. maSin davinaxavT rom es mrudebi romlebic 
qmnian enos atraqtors, Sedgeba  ufro wvrili mrudebisagan. Tu 
gavagrZelebT am process davinaxavT 
sxva ufro wvr aqtoris 

rom es wvrili mrudebi Sedgebian 
ili mrudebisagan da ase Semdeg. Ee.i. enos atr

struqtura masStabis gazrdisas ar icvleba. aseT simravleebs ewodebaT 
geometriulad (masStaburad) invariantuli simravleebi. 

 
Nnax. 1.9 enos atraqtori, romelic miiReba (1.31) asaxvidan roca 1.4a = , 

0.3b = . 
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is gadidebiT miRebuli suraTebis 
Tanmimdevroba. Nnaxazidan Cans atraqtoris geometriuli invariantoba. 
 
AmasStaburad invariantuli simravleebis ganzomilebis  dasaxasiaTeblad 
SemoaqvT hausdorfis ganzomileba [3, 11-12]. 
ganvixiloT wertolTa simravle  ganzomilebian sivrceSi. davfaroT es 

wertilTa simravle 

 
Nnax.1.10 enos atraqtoris mcire ar

n
ε wibos sigrZis  ganzomilebiani kubebiT.  n ( )N ε  

iyos ku  romelic saWiroa am simrav
dasafaravad. Hhausdorfis ganzomileba 

bebis umciresi ricxvi lis 
D  ganisazRvreba, rogorc zRvari 

( ) ( )ln / ln 1/N ε ε , rodesac kubebis wibos sigrZe 0ε → : 

( )
( )0

ln
lim

ln 1/
N

D
ε

ε
ε→

=                                               (1.36)  
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igive SeiZleba CamovayaliboT sxvanairad. Kkubebis minimaluri ricxvi, 
romelic saWiroa wertilTa mocemuli simravlis dasafaravad 

damokidebulia ε -ze rogorc Dε − .  
wertilisaTvis, monakveTisaTvis da zedapiris arisaTvis hausdorfis 
ganzomileba emTxveva evklidis ganzomilebas. marTlac wertilisaTvis 

( ) 1N ε = . L, Sesabamisad hausdorfis ganzomileba 0D = monakveTisaTvis 

( ) 1N Lε ε −=  am SemTxvevaSi 
1

10

lnlim 1
ln

LD
ε

ε
ε

−

−→
= = .  

Tu gvaqvs zedapiris are  farTobiT S ( ) 2N Sε ε −=  aqedan 2D = .  

ganvixiloT axla kantoris simravle. Ees simravle miiReba Semdegnairad. 
oT erTeuli sigrZis monakveTi  davyoT is sam tol nawilad da 

ovWraT Sua nawili ebul monakveTebs moveqceT 

 
nakveTi, romlebic ar irebulni rTmaneTTan amas  

[0,1]
] . miR

akavS

aviR

[1 / 3,2 / 3

arian d

am

analogiurad. MmaSin miviRebT monakveTebs. Ppirvel etapze gveqneba erTi 

monakveTi, meore etapze ori, mesameze oTxi. k etapze gveqneba 2k

Tanmo  e

TiToeulis sigrZe tolia  3 k− . rodesac k →∞ , miviRebT raRac 
wertilTa simravles, romelsac ewodeba kantoris simravle. amasTan 
yvela amoWrili monakveTebis sigrZeTa jami tolia erTis: 

1

1 2 4 1 1 2 / 3... 1
3 9 27 2 3 2 1 2 / 3

k

k

l
∞

=

⎛ ⎞= + + + = = ⋅ =⎜ ⎟ −⎝ ⎠
∑ . 

2

 
Nnax. 1.11 kantoris simravlis ageba.  

e.i. kantoris simravle yovel etapze Sedgeba 2mN =  intervalisagan, 

amasTan TiToeuli intervalis sigrZea 
1 0 1N

3m , . rodesac k = , 1ε == . 

roca , 1k = 2N = , 1/ 3ε = , roca 2,k = 4,N =  1/ 9ε = , roca k m=  2 ,m=N  

f1/ 3mε =  amitomac hausdor is gaanzomileba: 

ln 2 ln 2lim 0.631
ln 3 ln 3

m

mm
D

→∞
= = ≈ .  

e.i. kantoris simravlis ganzomileba ar emTxveva mis topologour 
ganzomilebas. Kkantoris simravle es ar aris wertili, romlis 
ganzomileba aris nulis toli, magram arc monakveTia roml  
ganzomileba erTis tolia. aseT simravleebs, romelTa hausdorfis 
ganzomileba ar emTxveva topologiur ganzom
ewodebaT. 
 Uucnauri atraqtorebi struqturulad axlos arian kantoris 
simravlesTan. Aamitomac unda movelodeT rom ucnaur

is

ilebas fraqtalebi 

i atraqtoris 
ganzomileba gamovides wiladuri. Aa
SeiZleba gamoyenebul iqnas imisaTvis rom ganvasxvavoT ucnauri 
atraqtori Cveulebrivisagan. 

masTan  atraqtoris ganzomileba 
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1.26D =HzemoT ganxiluli enos atraqtoris ganzomilebaa ,  rodesac 

 da . 
 Hhausdor

1.4a = 0.3b =
fis D  ganzomilebis ricxviTi gamoTvla fazuri sivrcis 

ε  zomebis kubebis dafarviT da wertilebis daTvliT romlebic 
moxvdebian mocemul kubSi praqtikuli ganxorcielebisaTvis Zalin 
rTuli amocanaa. Aamitomac praqtikuli gamoTvlebisaTvis iyeneben 
atraqtoris korelaciur ganzomilebas [3, 15, 17, 18].Aam dros uwyveti 

eba { }ix  Ntraeqtoria fazur sivrceSi icvl  wertilTa simravliT. 

va wSemdeg iTvleba manZili wertilTa sxvadasx yvilebs Soris: 

ij i js x x= −
Kkorelaciuri funqcia ganisazRvreba rogorc: 

.  

   ( ) 2

1li ( ),i jm
N

C r
N→∞

=  (wyvilTa ricxvi  romelTa Soris daSoreba ijs r< )  

Bbevri atraqtorisaTvis es funqcia damokidebulia -ze roca  

xarisxobrivad e.i 

r 0r →
( )

0
lim d

r
C r ar

→
= , amitomac fraqtalur anda korelaciur 

ganzomilebas gansazRvraven ( )ln , lnC r  grafikze daxris koeficientiT: 

                  
( )

0

ln
lim

lnr

C r
D

r→
=                                        (1.37)      

( )C r -is dasaTvlelad gamoiyeneba Semdegi korelaciuri integrali: 

 

( ) ( )2
1 1

1lim
N N

i jN i j
j i

C r H r x x
N→∞

= =
≠

= − −∑∑                                        (1.38) 

sadac ( )H s  xevisaidis funqciaa: ( ) 1H s = ( ) roca 0s > 0H s = da  roca 

0s < . 
  Bbolos moviyvanoT lorencis sistema,  rogorc erT-erTi klasikuri 

r
mo
magaliTi  disipaciu i sistemisa, romelSic SesaZlebelia qaaosuri 

Zraoba. 
 swavlobda ra amindis prognozirebis sirTulis amocanas edvard 
lorencma 1963 wels atmosferos konveqciis Sesaswavlad gamoiyvana sami 
urTierTdakavSirebuli Aarawrfiv diferencialur gantolebisagan [5]: 
Sedgenili modeli: 

( );dx y x

;

;

dt
dy xz rx y
dt

= − + −⎨                                   

dz⎪ xy bz

⎪
⎪

⎪

= −⎪

                   (1.39) 

σ⎧ = −⎪

dt⎩
sadac x  konveqciuri moZraobis amplitudaa, y  aRmavali da daRmavali 

z
profilis gadaxra.  
nakadebis temperaturaTa sxvaoba, xolo  vertikaluri temperaturuli 

σ  pr  uganzomilebo ricxvia, romelandtlis ic 

warmoadgens sibl a Tbogamtarobis Sefardebas,   sistemis 

sxvadasxva mniSvnelobebs SeiZleba iRebdes. 

antisa d b
geometriis maxasiaTebeli sididea, r  mmarTavi parametri romelic 
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Elorencis es modeli miiReba navie stoqsis gantolebidan [5, 14]. σ  da  
parametrebis mniSvnelobebi fiqsirebulia da rogorc wesi iReben xolme 

b

10σ = , .  
Llorencis sistemas gaaCnia Semdegi zogadi Tvisebebi: 

8 / 3b =

1. cvladTa gardaqmna x x→− − , z  ar is (1.39

gantolebis saxes amitomac fa

,  cvl ) 

 RerZis 

y y→ z →
zuri suraTi simetriulia z

mimarT. 
2. (1.39) sistemis yvela fazuri traeqtoria bolos da bolos xvdeba: 

   ( ) ( )2 22 2 2V x= y z r K rσ σ+ + − − = +  sferos SigniT [14-15]. 

3. fazuri moculoba drois ganmavlobaSi mudmivad ikumSeba e.i. 
lorencis sistema aris disipaciuri sistema: 

  1 0x y z
x y z
∂ ∂ ∂

+ + =
∂ ∂ ∂

bσ− − − <   . 

Aam Sedegis azri SemdegSi mdgomareobs. ganvixiloT erTnairi sistemebis 
ansambli, romelTagan TiToeuli aRiwereba lorencis gantolebebiT da 
isini gansxvavdebian erTmaneTisagan 
es sawyisi pirobe

. maSin ansamblis droSi evoluciisas es moculoba mcirdeba kanoniT 

mxolod sawyisi pirobebiT. davuSvaT 
bi drois sawyis momentSi ikaveben, raRac moculobas 

VΔ
( )0 expV V DtΔΔ =  sadac 1D bσ= − − − . droTa ganmnavlobaSi is unda 

koncentrirdes nulovani moculobis simravleze.   
Llorencis sistema r  parametris sxvadasxva mniSvnelobisaTvis 
Seswavlil iqna mravali avtoris mier [14, 15. 21].  Tu r -s aviRebT 28r =  
da amovxsniT (1.39) gantolebaTa sistemas ricxviTad, maSin davinaxavT 
rom sistemaSi damyarebulia qaosuri avtorxeviTi reJimi (nax. 1.12), xolo 
lorencis sistemis fazur portrets aqvs nax.1.13-ze gamosaxuli saxe, 
romelsac uwodeben lorencis atraqtors.  
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Nnax.1.12 lorencis sistemis ,x  ,y  z  cvladebis droze damokidebulebis 

grafiki. Ggrafiki agebulia parmetrebis Semdegi mniSvnelobebisaTvis:  

10σ = , 8 / 3b = , 28r = .  

 
Nnax.1.13 lorencis atraqtoris fazuri portreti. 
 rogorc nax.1.13 fazuri suraTidan Cans lorencis atraqtori Sedgeba 
ori FfrTisagan da is TiTqmis Zevs xoy
lorencis atraqtoris hausdorfis ganzomileba, romelic tolia 

  sibrtyeSi. Aamas adasturebs 

2.06D = . Ees Sedegi adasturebs,  rom lorencis atraqtori ar aris 
zedapiri. Mmagram amave dros mas ar gaaCnia moculobac.    
 qaosis srulad dadasturebisaTvis lorencis sistemaSi moviyvanoT 

( ) ( ) ( )xG x t xτ τ τ= +avtokorelaciis funciis  furie saxis 

( ) ( ) i
x xG d G e ωτω τ τ= ∫  sixSireze damokidebulebis grafikebi (nax.1.14). 

 
xNnax.1.14 lorencis sistemis  da  cvladebis korelaciis funqciis 

furie saxis 
y

ω  sixSireze damokiddebulebis grafiki. . is faqti rom 

korlaciuri funqciis furie saxes ( )G ω -s aqvs sasruli sigane 

damadasturebelia sistemaSi qaosis arsebobis. sxva sityvebiT rom 
lod erTi sixSiriT vTqvaT, rxeviTi procesi ar xasiaTdeba mxo

(periodiT). rxeviT procesSi CarTulia yvela sixSireebi (periodebi), 
romlebic ganlagebulni arian sasrul sixSirul intervalSi. 
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1.3 Qqao
gad cnobili 

si konservatul sistemebSi 
Hkonservatuli sistemebis dinamikas safuZvlad udevs kar
hamiltonis gantolebebi, romelic warmoadgens Cveulebriv pirveli 
rigis diferencialur gantolebaTa sistemas [4,19-20]: 

,i
i

Hq
p
∂

=
∂

 i
i

Hp
q
∂

= −
∂

  1,2...i n=                                  (1.40) 

( ),i iq psadac  warmoadgens ganzogadebul koordinatebs da impulsebs. 

gantolebaTa sistemis integrireba xdeba 0t t=  drois sawyis momentSi 

( ) 0
0i iq t q= , ( ) 0

0i ip t p=  sawyisi pirobebis SerCeviT. hamiltonur sistemebSi 

SeiZleba ganxorcieldes mravali sxvadasxva tipis moZraobebi, sruliad 
integrirebadi dinamikidan dawyebuli kvaziperioduli moZraobiT da 
qaosiT damTavrebuli. 
(1.40) gantolebaTa sistemis amonaxsnebi saSulebas gvaZlevs ganvsazRvroT 

 da  rogorc drois da sawyisi pirobebis funqciebi: iq ip ( )0 0, ,i i i iq q t q p= , 

( )0 0, ,i i i ip p q p=

moZraoba 2n
t . Ees procesi SegviZlia warmovidginoT rogorc wertilis 

 ganzomilebian sivrceSi, romlis RerZebze gadazomilia i  

koordinatebi da ip  impulsebi. aseT sivrces fazuri sivrce ewodeba. 

Ffazur sivrces gaaCnia Semdegi Tvisebebi [4,19-22]: 1. drois nebismier 
momentSi traeqtoriebi, gansazRvruli (1.40) gantolebaTa sistemiT 
erTmaneTs ar kveTen. Ees Tviseba gamomdinareobs   (1.40) diferencialur 
gantolebaTa sistemis arsebobis da erTaderTobis pirobidan; 2. fazuri 
sivrcis moculobis Senaxva (liuvilis Teorema), rac imaSi mdgomareobs, 

m Tu drois sawyis t  momentSi fazuri wertilebi avseben fazuri 

q 

ro 0

sivrcis 0D  ares da t  drois Semdeg es fazuri are gardaiqmna am sivrcis  
sxva tD   areSi, maSin Sesabamisi fazuri moculobebi erTmaneTis 

tolia:

0

0 0
D D

dq dp dqdp=∫ ∫ ; 3. 0D  are uwyvetad gadadis tD  areSi rac imas 

niSnavs rom saz

0

Rvari 0S  romelic SemosazRvravs 0t  momentSi fazuri 

sivrcis D  ares t  drois Semdeg transformirdeba  sazRvarSi, tS
romelic SemosazRvravs tD  ares.  

aseT sistemebs konservatuli sistemebi ewodebaT. 

rTulia, arsebobs  zogadi meTodebi [19, 20, 23] romelic saSualebas 
gvaZlevs avagoT hamiltonis  gantolebaTa sistemis zusti anda 
miaxloebiTi amonaxsnebi. hamiltonis gantolebaTa sistema warmoadgens 

 Hhamiltonis gantolebaTa sistemis integrirebis sakiTxi sakmaod 

srulad integrirebad sistemas Tu arsebobs iseTi kanonikuri gardaqmna 

( ) ( ), ,q p Ii i i iθ→
aris damokidebuli 

 sadac , romlis drosac hamiltonis funqcia ar 1...i n=

iθ  koordinatze. Aam SemTxvevaSi  cvladebs iI
ewodebaT qmedebis cvladebi, xolo iθ  ewodeba kuTxis cvladebi. maSin 

(1.40) gantolebaTa sistema axal cvladebSi Caiwereba ase:  

;Hθ ∂
=  0,I =  .. ;i n=                                              (1.41) i

iI∂
i

romelic advilad integrirdeba da gvaZlevs: 

1.
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0 ;i iI I const= =  0i itθ ω θ= + , sadac i
i

H
I

ω ∂
=
∂

 1...i n=                       (1.42) 

sistemebi erTi Tavisuflebis xarisxiT yovelTvis integrirebadia, 
radganac toniani warmoadgens moZraobis integrals: 

(
 maTi hamil

),H p q E= . Amis magaliTs warmoadgens maTematikuri qanqaras magaliTi, 

romlis hamiltoniani Caiwereba Semdegnairad: 
2

cospH mgl22ml
ϕ= −

sadac 

   (1.43)  

ϕ  vertikalidan gadaxris kuTxea, g  Tavisufali vardnis aCqareba.  
Qqanqaras moZraob  ganto ebas aqvs Semdegi saxe:  

sin ,p mgl

is l

ϕ= −  2ml
pϕ =                                                 (1.44) 

Aaqedan    2
0 sin 0ϕ ω ϕ+ = , sadac  0 /g lω =   mcire rxevebis sixSirea.  

Qqanqaras gaaCnia moZraobis ori reJimi 1. brunviTi, rodesac energia 

rotE E mgl= >  metia maqsimalur potenciur energiaze. 2. rxeviTi, rodesac 

energia oscE E mgl= < . Tu sE E mgl≈ = , maSin moZraoba xdeba 

, romeli maneTisagan gamoyofs rxeviT da brunviT 
reJimebs (nax.1.15 a)).  
separatrisaze c erT

 
        a)                                     b) N          

nax.1.15 a) arawrfivi saqanis fazuri portreti. ( ) ( ), 0,2p kϕ π= , 

0, 1, 2...k = ± ±  wertilebis maxloblad fazuri mrudebi warmoadgenen 

elifsebs amitom maT elifsuri wertilebi, xolo ( ) ( ), 0, 2p kϕ π π= + , 

0, 1, 2...k = ± ±  wertilebs hiperboluri wertilebi ewod  
maxloblad f uri mr
b) ori Tavisuflebis xarisxis mqone hamiltonuri sistemis fazuri 

eba-kuTxis c  

oTxganzomil

ebaT, radgan maT
az udebi hgvanan hiperbolebs. 

sivrce qmed vladebSi.
sistemebisaTvis ori Tavisuflebis xarisxiT fazuri sivrce 

ebania, Tu gadavalT qmedeba kuTxis cvladebze: 

( ) ( )1 1 2 22 1 1 2, , , , , ,q p q p I Iθ θ→

ireb

 maSin aseTi sistemebis dinamika SegviZlia 

warmovidginoT , rogorc moZraoba organzomilebian torze (nax.1.15 b), 

sadac 1O  da 2O  wrew ze brunvis kuTxuri siCqareebia ( )1 1 1 2,I Iω ω=  da  

( )2 2 1 2,I Iω ω=   damokidebulia 1I -ze da 

toridan torze. icvleba agreTve maTi fardoba: 
2I -ze. amitom isini icvlebian 
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( )
( )

1 1 21

2 2 1 2

,
,

I I
I I

ωω
ω ω

= . Tu es Tanafardoba racionaluria: 1

2

k
m

ω
ω

=

aeqtoria iketeba rodesac fazuri 

, maSin sistemis 

dinamika aris perioduli, fazuri tr

wertili Seasrulebs  bruns  wrewiris mimarT da  bruns  

wrewiris mimarT. Tu es Tanafardoba iracionaluria  

k 1O m 2O

1

2

k
m

ω
ω

≠ , maSin 

fazuri traeqtoria yvelgan Tanabrad exveva tors da aseT moZraobas 
ewodeba kvaziperioduli anda pirobiTad perioduli [24-25].  

radganac   da  nebismieri SeiZleba iyos , fazuri sivrce ori 

Tavisuflebis xarisxis SemTxvevaSi warmodgindeba rogorc 
rian Cadgmulebi 

Aanalogiur
a qmedeba kuTxis

cvladebSi is SeiZleba warmodgenil iqnas,
torTa si

oria iqneba Caketili, 

1I 2I

organzomilebian torTa sistema, romlebic erTmaneTSi a

da romelTa radiusebia Sesabamisad 1I  da 2I .  

ad Tu gvaqvs n Tavisuflebis xarisxis integrirebadi 
sistema, masin misi fazuri sivrce n  ganzomilebiania d  

 rogorc  ganzomilebian 
mravle. Nnebismieri traeqtoria ganlagdeba aseT n  

ganzomilebian torze, amasTan zogierTi traeqt

n

xolo zogierTi Tanabrad dafaravs aseT tors. 

tors ganzomilebiT 2n ≥  mocemuli 1 2 n  mniSvnelobebiT,  ewodeba 

rezonansuli, Tu sixSireTa 

, ,...I I I

( ){ }1 2, ,...i nI I Iω , 1...i n=    krebulisaTvis 

sruldeba Tanafardoba.: ( )1 2
1

, ,... 0
n

i i n
i

k I I Iω
=

=∑                       (1.45) 

sadac 

ebian sistemis hamilt nis gantolebebis umravlesoba ar aris 
integrirebadi, magram raRac SemTxvevaSi hamilto

ik  sidideebi raRac nulisgan gansxvavebuli mTeli ricxvebia. 

 ganzomil o
niani 

n

( ) ( )1 1n n, ,... , ,...H H I H I Iθ θ θ= =  SegviZlia warmovadginoT Semdegi saxiT: 

( ) ( ) ( )0 1, ,H I H I H Iθ ε= + θ                                          (1.46) 

sadac ( ) ( )0 0 1,... nH I H I I= warmoadg s integrirebad nawils x lo  en o

( ) ( )1 1 1 1, ,... , ,...n nH I H I Iθ θ θ=  nawili warmoadgens mcire SeSfoTebas 1ε << . 

integrirebad sistemebTan. 
Qqmedeba-kuTxis cvladebSi moZraobis gantolebebi Semdegnair

(1.46) tipis sitemebs ewodebaT sistemebi romlebic axlos arian 

ad iwereba: 

0 ;i
i

HI ε
θ

∂
= −

∂
  0 1 ;i

i i

H H
I I

θ ε∂ ∂
= +

∂ ∂
   1...i n=                            (1.47) 

sadac 1.ε <<  Tu 0ε =   maSin (1.47) gantolebaTa sistema aris integrebadi  
da misi amonaxsnebi faraven n 0ε ≠ ganzomilebian tors. davuSvaT axla . 

s

s   cvladebze, 

raRac drois Semdeg sistema gamova rezonansidan rasac mohyveba 

ramdenad Seicvleba aseT SemTxvevaSi integrirebadi sistema? 
 Aam kiTxvaze pasuxi mniSvnelovanwiladaa damokidebuli Tanafardobaze 
gare SeSfoTebis sixSiresa da sistemis sakuTar sixSires Soris. Tu 
sistemis sakuTari sixSire axlosaa gare Zalis sixSiresTan, maSin ama  
mivyavarT amplitudis zrdamde anu rezonansamde. radganac arawrfivi 

sistemebisaTvis sixSire damokidebulia qmedebi iI 1...i n=
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amplitudis Semcire rac kvlav wvevs sixSires cvlileba

egreT wodebuli fazuri rxev

Soris aramed sistemis 

ba,  gamoi s, 
amitomac sistema kvlav aRmoCndeba rezonansis maxloblad. warmoiqmneba 

ebi. 
rezonansi SeiZleba warmoiqmnas ara marto sistemasa da gare SeSfoTebas 

sxvadasxva Tavisuflebis xarisxebs Sorisac. Aam 
dros laparakoben Sida rezonansebze. 

rvas 
mi

xsna SeSfoTebis 
Teoriis saSualebiT. SeSfoTebis TeoriaSi sawyisi sistema 
aproqsimirdeba masTan axlos myof integrirebad sistemasTan da masze 
mcire SeSfoTebis zem

Tu rezonansi ar aris izolirebuli, maSin rezonansebis gadafa
vyavarT moZraobis Zalian rTul suraTamde. Ggarda amisa rezonansebi 

xels uSlis vipovoT moZraobis gantolebebis amo

εoqmedebasTan, xolo amonaxsnebs eZeben -is 
xarisxebis mixedviT. rezonansebis arseboba arRvevs am mwkrivebis 

riebis 
topologias. SeSfoTebis adga c 
regularuli amonaxsnebi maT maxloblad Zlieradaa SeSfoTebuli, rasac 

adi.   
 romelic waawyda dinamiuri sistemebis 

 
moqmedebda gare perioduli Teba, Mman aRmoaCina Zalian rTuli 
traeqtoria, romelsac man uwoda homoklinuri traeqtoria. 

 iqn  

krebadobis sakiTxs, radganac rezonansebi cvlian fazuri traeqto
 Teoria ver aRwers aseT rezonansebs, r na

mivyavarT mcire mniSvnelebis gaCenamde da mwkrivebi xdeba ganSl
Ppuankare iyo pirveli, 
stoxasturobas [6]. sistemis separatrisis maxloblad, romelzedac

 SeSfo

 arawrfivi rezonansis Teoria imiT aris SesaniSnavi, rom 
saSualebas gvaZlevs miviRoT araregularuli moZraobis kriteriumi 
analizurad hamiltonur sistemebSi. es kriteriumi Semotanil a

 [26-27]Cirikovis mier . qvemoT ganxilulia arawrfivi rezonansis Teoria 
[27-30] mixedviT.  

gavSaloT ( )1 ,H Iθ  funqcia furie mwkrivad: 

( ) ( )1 1, k ik

k

H I H I e θθ ⋅= ∑                                            (1.48) 

CavsvaT (1.48) gaSla (1.47)-Si, Sedegad miviRebT: 

( )

( )

1 ;k ik
i i

k

k

I i H I k e θ

;iki
i i

k i

HI e
I

θ

ε ⋅= − ∑
                                          (1.49) 

θ ω ε ⋅∂
= +

∂∑
aq  k  n ganzomilebiani veqtoria mTeli ricxviTi komponentebiT, iH k  

furie koeficientebi, ( ) ( )0
i

i

H I
I

I
ω

∂
=

∂
. 

veZeboT (1.49) sistemis amonaxsnebi mcire ε  parametris mimarT xarisxovan 
mwkrivebad: 

( ) ( )0

1

;ss
i i i

s
I I Iε

∞

=

= +∑                                                 (1.50) 

( ) ( )0

1

;ss
i i i

s
θ θ ε θ

∞

=

= +∑   1...i n=  

 (1.50)-is (1.49)-Si Casma mogvcems: 

( ) ( ) ( ) ( )0 0s ss k s ik

1 1
;i i i i

s sk

I I i H I I k e θε ε ε
∞ ∞

⋅

= =
⎜ ⎟
⎝ ⎠

∑ ∑ ∑⎛ ⎞
+ = − + ⋅                      (1.51) 

 35



( ) ( )0
1

sk sH I I
( ) ( ) ( ) ( )0 0 1

1` 1

;s ss s s ik
i i i

s s k i

I I e
I

θ

ε
∞

∞ ∞

θ ε θ ω ε ε = ⋅

= =

⎝ ⎠= + +⎜ ⎟ ∂⎝ ⎠
∑ ∑ ∑

⎛ ⎞
∂ +⎜ ⎟⎛ ⎞ ∑

+        

gaviTvaliswinoT rom: 

( ) ( )
( )( )( ) ( )( ) ( )( ) ( )

( )
0

0
1 1

kn
sk s

H I
H I Iε

∞ ∂⎛ ⎞
+⎜ ∑ 10 1 0 1

1 0
1

... ...k k
m

m m

H I I H I I
I

ε ε
=

= + + = + ⋅ +⎟ ∂
∑ , 

1s=⎝ ⎠

( ) ( ) ( ) ( )( ( )) ( ) ( )
( )0 0 1 0 1

0... ...,i
i mI I I I

I
ε ω ε+ + ≈ + +

∂
         (

1

ss
i i

s m m

I I ωω ε ω
∞

=

∂⎛ ⎞
+ =⎜ ⎟

⎝ ⎠
∑ ∑ 1.52) 

 Teoriis nulovan rigSi 
miviRebT: 

                                                         (1.53) 

romelic maSinve integrirdeba da gvaZlevs: 

Tu CavsvavT (1.52)-s (1.51)-Si maSin SeSfoTebis

( )

( ) ( )( )
0

0 0

0;i

i i

I

Iθ ω

⎧ =⎪
⎨

=⎪⎩

 ( ) ( ) ( )( )0 0 0; θ ω= = +

(1.54)-is gaTvaliswinebi
n n

i i iI const I t const                                        (1.54) 
T gveqneba: 

(1.55)-is gaTvaliswinebi
Teoriis pirvel rigSi miviRebT: 

( )0
1 1

i i i
i iik ike e e eθ θ = =⋅ ⋅≈ ≈ ⋅                                          (1.55) 

 

( )( )0i k I t i const kω ⋅ ⋅∑ ∑

T (1.51) gantolebaTa sistemidan SeSfoTebis 

( ) ( )( )
( )( )0

1 0
1

ik I tk
i

k

I i H I e
ω⋅ ⋅

= − ∑ ;                                              (1.56) 

( )
( )

( )
( )( ) ( )
0

11 1
kn

i
H I ωω

0
1

ik I t
i m

m k im

I e
II

θ ⋅ ⋅
∂∂

=

= +
∂∂

∑ ∑ ; 

sadac ( )( ) ( )( ) 10 0
1 1

n

i
i

i const k
k kH I H I e =

⋅ ⋅∑
= . 

 (1.56) gantolebaTa sistemis integrireba gvaZlevs: 

( )
( )( )

( )
( )

( )( )
( )

( )( )

0
1 ;

i ik t
iI e ω

0 0
11

20
1

;

k

k

k k ik tn m ik ti
i

m k k im

k H I

k

k H I H I ei e i
I kI k

ω
ω

ω

ωθ
ω

⋅

=

⋅

∂∂
= ⋅ −

∂

⋅ ⋅= −

ω⋅∂ ⋅
∑ ∑ ∑

∑
                    (1.57) 

(1.57) gamosaxulebidan advilia imis danaxva rom Tu sruldeba piroba 

rezonansis pirobas uwodeben, (1.57) gamosaxulebebSi Cndeba 
wevrebi, romelTa mniSvnelebi nulia an Zalian axlos arian nulTan,  

es ki Zalian

1 1 2 2 ... 0n nk k k kω ω ω ω⋅ = + + + ≈                                           (1.58) 

romelsac 

 zrdis ( ) ( )1 1,i iIθ  mniSvnelobebs da arRvevs (1.57) mwkrivebis 

krebadobas. 
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T  sruldeba (1.57) pirveli miaxloebi
gantolebebSi, maSin is Se gamoCndes ufro maRali miaxloebis 
u rezonansis piroba ar s 

iZleba 
gantolebebSi 1s > . aseT rezonanse sbs  rigis rezonansebs uwodeben.  

 davuSvaT  axla SeSfoTeba  damokidebulia droze da periodulia 1H

2 /T π= Ω  periodiT e.i. ( ) ( )1 1H , , , , .I t H I t Tθ θ= +  Tu mas gavSliT furie 

mwkrivad miviRebT: 

( ) ( ) (, , expkmH I t H I i k mθ θ⎡= ⋅ − Ω∑ )⎤1 1
,k m

t⎣ ⎦    

maSin hamiltonis gantolebebisaTvis miviRebT: 

( )1
,

exp ;k m
i i

k m

I i k H i k m tε θ⋅ ⎡ ⎤= − ⋅ − Ω⎣ ⎦∑                                  (1.59) 

( ) ( )1

,

exp , 1,2,... .
km

i
k m i

HI i k m t i
I

θ ω ε θ∂ ⎡ ⎤= + ⋅ − Ω =⎣ ⎦∂∑ n  

tarebT analogiur anal s, rac gvqonda zemoT, (formulebi (1.51)-
igive (1.54) formulebi, 

xolo pirveli miaxloebisaTvis (1.57) formulebis nacvlad Ggveqneba: 

   

Tu Cava iz
1.57), maSin nulovani miaxloebisaTvis gveqneba isev 

( )
( )( ) ( )

( )
( )

( )( )
( )

( )

( )( ) ( )

0,
11

,

0
1

20

0

exp ,

exp

exp

k m
i

i
k m

kn li
i

k

k H I
I i k m t const

k m

k H I
i i k m t

I

i kH I

ω
ω

ωθ ω

ω

⎡ ⎤= − ⋅ − Ω +⎣ ⎦⋅ − Ω

∂ ⎡
1 ,l k ml k m

m t

ω=

⎤= ⋅ ⋅ − Ω −⎣

1
;

k i

i
I k mω

⎦∂

⎡ ⋅ −∂

∑

∑ ∑
⋅ − Ω

⎤Ω⎣ ⎦−
∂ ⋅ − Ω∑

                 (1.60) 

Aaqac Tu sruldeba rezonansis piroba 0k mω⋅ − Ω ≈  maSin (1.60) 
gamosaxulebebSi mwkrivebi xdeba ganSladi, rac warmoadgens mcire 
mniSvnelebis problemas.    
davuSvaT gvaqvs erTi Tavisuflebis xarisxi da SeSfoTeba aris drois 

perioduli funqcia 2 /T π ν=  da moZraoba AaRiwereba hamiltonianiT: 

( ) ( )0 1 , , , 1H H I H I tε θ ε= + <<                                         (1.61) 

 1H  furie mwkri

(
gavSaloT vad: 

) ( ) ( ),

,
;i k m tk m

k m
e θ ν−

1 1, ,H I t H Iθ =∑                                          (1.62) 

maSin hamiltonis gantolebebi iReben Semdeg saxes: 

( ) ( ), i k m tk m

k m
I i kH I e θ νε −= − ∑ 1

,
; 

( ) ( ) ( )
,

1

,
;

k m
i k m t

k m

dH I
I e

dI
θ νθ ω ε −= + ∑                                         (1.63) 

, . , *
1 1

k m k mH H− − =
Tu (1.63) gantolebaTa sistemaSi sruldeba piroba ( ) 0k I mω ν− = , maSin 

gvaqvs rezonansi. imisaTvis, rom SeviswavloT sistemis dinamika 
rezonansis maxloblad , gamovyoT (1.62) gaSlaSi mxolod rezonansuli 
wevri da SeviswavloT sistemis yofaqceva gamowveuli mxolod am wevriT.  
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davafiqsiroT 0 ricxvebis is mniSvnelobebi , romelTaTvisac 

rezonansis piro ldeba zustad: 

0 0, ,k m I
ba sru ( )0 0 0k I mω ν=

 mxolod rezonansuli wevrebi maSin 

, xolo (1.63) 

gantolebaTa siste aSi SevinarCunoT
gveqneba: 

m

( ) ( ) ( )( )
( ) ( ){ } ( )

0 0 0 0

0 00 0 0 0 0 0

*
0 1 0 0 1 0 0

0 1 1 0 1 0 0

exp

12 2 sin ;
2

k m k m

i k m tk m k m k m

i k H I m t i k H I

k H H e k H k m t
i

ψ θ ν

ν ε

0 0

0exp

i k m t

i k

e ψ θ ν

ε θI i k m tθ ν

ε ε θ ν ψ− + −

− − +⎡ ⎤ ⎡⎣ ⎦ ⎣

= − = − +
 

= − − =⎤⎦
+ −

( ) ( ) ( ) ( )( )

( ) ( ) ( )0 0
1 0 0cos ;k m

dI dI
dI H I k m t
dI

ω ε θ ν ψ= + − +
         (1.64) 

0 0 0 00 0 0 0*
1 1

i k m t i k m tk m k md dI H I e H I eθ ν θ νθ ω ε ε− − −= + + =
        

SemoviRoT aRniSvnebi: 0 0k m tϕ θ ν ψ= − + , ( ) 0 00
1 12 k mH H= . maSin (1.64) 

gantolebaTa sistema gadaiwereba Semdegnairad: 
( ) ( )0 sinI k H I0 1ε ϕ= ;                                                     (1.65) 

( ) ( )0
0 0 0 1 codk I m k H

dI
sϕ ω ν ε= − +

onansul wevrebs is 
Semdegnairad gadaiwereba: 

ϕ ; 

Tu  (1.62) gaSlaSic  SevinarCunebT mxolod rez

( ) ( ) ( ) ( ) ( ) ( )0 0 0 00 0 0 0 0*
1 1 1 1, , 2 cosi k m t i k m tk m k mH I t H I e H I e Hθ ν θ νθ ϕ− − −= + = ; 

( ) ( )0
0 1 cosH H I Hε ϕ= + .                                                 (1.66) 

davuSvaT axla  sidide sakmaod axlos aris , ise rom gadaxra 

 aris mcire sidide, maSin 

I 0I

0I I IΔ = − ( )0H I  da ( )Iω  SegiZlia gavSaloT 

mwkrivebad IΔ -s mixedviT: 

( ) ( ) ( )
2

20 0
0 0 0 2

1 ...
2

H HH I H I I I
I I

∂ ∂
= + Δ + Δ +

∂ ∂
,                               (1.67) 

( ) ( ) ( )
2

2
0 2

1 ...,I I I
I

ω ωω ω ∂ ∂
= + Δ

∂ ∂
                                     (1.68) 

Tu (1.67) gamosaxulebaSi SemovisazRvrebiT mxolod meore rigis 
wevrebiT, xolo (1.68) gamosaxulebaSi pirveli rigis wevrebiT. Ggarda 

amisa Tu 

2
I

I
Δ +

aviRebT ( )0
1H I -s  wertilSi, gaviTvaliswinebT 0I ( )0 0 0k I mω ν=  

rezonansis pirobas da (1.65)-is meore gantolebaSi ε  rigis wevrs 
ugulebelvyofT, maSin (1.65) gantolebaTa sistemis nacvlad miviRebT 
aseT gantolebaTa sistemas: 

0
0 1 sin ;d J k H

dt
ε ϕΔ =  

( )0
0

d I
k I

dI
ω

ϕ = Δ ,                                   (1.69) 

( ) ( ) ( ) ( )2 00
0 0 0 1

1 cos
2

I
H H I I I I H

I
ω

ω ε ϕ
∂

= + Δ + Δ +
∂

,                       (1.70) 

( )0 0
1 1 0H H I≡ . 

Aadvili dasanaxia rom (1.69) gantolebaTa sistema SeiZleba miviR
Semdegi hamiltonianidan: 

oT 
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( ) ( )2 00
0 0

1 cos
2

d I
H k I k H

dI
ω

1ε ϕ= Δ +                                        (1.71) 

Aaq kanonikurad SeuRlebul cvladebs warmoadgens   da 

Aam hamiltonians ewodeba  arawrfivi rezonansis universaluri 
hamiltoniani [29-31].  

IΔ ϕ , maTTvis 

hamiltonis kanonikuri gantolebebi iwereba Semdegnairad: 

( ) ,I
dt
d H

ϕ
∂

Δ = −
∂

  
( )

d Hϕ

kanonikur
id  (1.71) hamiltonianze aris Semdegi: 

dt I
=
∂ Δ

                                           (1.72) 

i gardaqmna,  romelic saSualeba gvaZlevs (1.70) 
hamiltonian an gadavideT

∂

( )0 0 0 0H k H m I k H I0ν= − Δ −               

(1.71) hamiltoniani Zalian hgavs arawrfivi saqanis (1.42) MA hamiltonians 

sadac masis rols TamaSobs 

                               (1.73) 

( )( ) 1
m 0 0 /k d I dIω

−
=  sidide, xolo saqanis 

           (1.74) 

sigrZe . (1.69) gantolebaTa sistema DSegviZlia gadavweroT 
Semdegairad: 

2
0 sin 0ϕ ϕ−Ω =                                              

CasmiT 

1l =

ϕ ϕ π= +  (36) gantoleba dadis arawrfivi saqanis gantolebaze  
2
0 sin 0ϕ ϕ+Ω =                                                         (1.75) 

(1.75) gantoleba Seesabameba arawrfiv fazur rxevebs fazur sivrceSi, 

sadac ( )2 2 0
0 0 1 0 /k H d I dIε ωΩ =  TamaSobs mcire fazuri rxevebis sixSiris 

rols.    
rogorc arawrfivi saqanis Teoriidan aris cnobili, saqanis fazur 
sivrceSi arsebobs gansakuTrebuli traeqtoria, separtrisa romelic 
erTmaneTisagan gamoyofs rxeviT da brunviT reJimebs. esEtraeqtoria 
ganisazRvreba qanqaras energiiT, romelic tolia maqsimaluri 

o  s gantoleba: 

potencialuri energiis, (1.71)-dan: 0
0 1sH k Hε= . Aaqedan SegviZlia 

ganvsazRvr T separatrisa

( )

1/2

0
1

0

2 sin
2

I
d I

Hε

dI

ϕ
⎛ ⎞
⎜ ⎟

 a). am Stoebs 
Soris maqsimalur manZils ewodeba arawrfivi rezonansis sigane. (1.76)-dan  
arawrfivi rez ansis siga

ω
Δ = ± ⎜ ⎟

⎜ ⎟⎜ ⎟

                                              (1.76) 

⎝ ⎠
sadac ±  Seesabameba separatrisas sxvadasxva Stos (nax.1.15

on nisTvis viRebT: 

( )

1/2

0
12max 2 HI ε

⎛ ⎞
⎜ ⎟

Δ = ⎜ ⎟                                                 (1.
0d Iω⎜ ⎟⎜ ⎟

77) 

dI⎝ ⎠
Aanda sixSiris mixedviT: 

 
( ) ( )00 0

1max max 2 2
d I

I H
dI

ω εΔ Δ = ⎜ ⎟                           (1.78) 
d I

dI
ω ω⎛ ⎞

=
⎝ ⎠

AganvsazRvro c T ramdenad samarTliania is miaxloebebi romlebi
gavakeTeT zemoT.agreTve SevafasoT (1.77) da (1.78) gamosaxulebebis rigi. 
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(1.71) hamilto c  nianidan gamomdinareobs rom 0
0 1~H H . Mmagram radgana

( )0 0 0~H I Iω  amitom: ( )0
0 1 0 0~ ~H H I Iω .  A                           (1.79) 

(1.77) da (1.78)-is gaTvaliswinebiT miviRebT: 

( ) ( ) ( )
( )

1/2 1/21 1

dI

1/2
0 0 0
1 0 0

0

00 0 0
0

max ~ ~

d I d I
H I I

dI dI II
dI I I I

ω ω
ε ε ω

εω ε
ω γ

− −⎞ ⎛ ⎞

⎝ ⎠

⎛
⎛ ⎞⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟Δ ⎝ ⎠ ⎝ ⎠ ⎜ ⎟= =
⎜ ⎟
⎜ ⎟

,    (1.80) 

( ) ( )( )
( )
( ) ( ) ( )

0 0 0d I d I
H I I

ω ω
ε ε ω1 0 0

0 0

max
~ ~dI dI

I I I
ω

ε
0

γ
ω ω ω

Δ
=                      (1.81) 

sadac 
( )

( )
0 0

0

d I I
dI I
ω

γ
ω

⎛ ⎞
= ⋅⎜ ⎟⎜ ⎟
⎝ ⎠

 arawrfivobis parametria.    

Ggarda amisa ϕ -is gantolebaSi  Cven gadavagdeT ~ ε  rigis wevrebi. (1.65) 
da (1.67)-is Tanaxmad es SesaZlebelia maSin rodesac: 

( ) ( )0
1 0 0dH I I

I
dI

ε << Δ . Mmagram radganac 
d

dI
ω 0 0

1 1~ ~
0
1

0 0

dH dH H
dI dI I

 amitom  gveqneba: 

( ) ( )0
1 0 0

0

H I d I
I

I dI
ω

ε << Δ , anda radganac ( )0
1 0 0~H I Iω  amitom bolo toloba 

:  ase SegviZlia gadavweroT

( )
( )

( )
( )

( )
( )

0 0 0

0 0 0

max ~ ~
d I d I d I II I

dI I dI I dI I
ω ω ω ε ε0ε γ εγ

γ ω γ
⋅ ⋅ ⋅ = . 

ω ω
Δ Δ

<< ⋅ ≤ ⋅

saidanac ε γ<< . 

Mmeores mxriv mxolod rezonansuli wevrebis SenarCuneba da 

gaSlaSi ar inamikas e.i. ro

ararezonansuli wevrebis gadayra  imas niSnavs, rom sxva sixSireebi (1.68) 

 cvlian d desac ( ) ( )0
0

d I
I I

ω
ω >> Δ  aqedan  

dI

( )
( )

0

0

1
d I I

dI I
ω

ω
Δ

⋅ << . (1.80)-is gaTvaliswinebiT SegviZlia davweroT: 

( )
( )

( )
( )

0
0 0

0 0

~ 1
I

d I d II
dI I dI I

ε
ω ω γ

ω ω
Δ

⋅ ⋅  anda 
1γ
ε

<<<<  saidanac 1γε << .  

Aamrigad miviReT rom arawrfivi rezonansis Teoria muSaobs maSin 

rodesac: 
1ε γ
ε

<< <<                                               (1.82) 

0γ →Sesabamisad zRvruli gadasvla wrfiv amocanaze  ar arsebobs,. 

(1.80) da (1.81)-dan gamomdinareobs, 

SevniSnoT arawrfivi rezonansis sami Tavisebureba. jer erTi  rogorc 

0/I IΔ  da /ω ωΔ  proporciulia 1/2ε -s 

da ara ε -is , rogorc es SeSfoTebis Cveulebriv TeoriaSi. rodesac 

1ε <<  utoloba 1/2ε ε>>  gviCvenebs rom es cvlilebebi didia. Ffaqtiurad 

 40



SeSfoTebis Teoria igeba 1/2ε  parametris mixed . Semdeg arawrfivi 
rezonansi gvaqvs, rodesac sistemaSi sakmaod didia arawrfivoba 

viT
γ ε>> . 

ε -iT da γmoZraobis xasiaTi ganisazRvreba ara TviT -iT, aramed maTi 

TanafardobiT.        
fazuri rxevebis mTavar Taviseburebas 
sivrceSi gaCnda  separatrisa,. Ees 
gaCnda damatebiTi li e fs

portretidan (ix.nax.1.15 a). sawyis fazur sivrceSi 

       
warmoadgens is faqti,  rom fazur 

imas niSnavs, rom  fazur sivrceSi 
  gansakuTrebu uri da hiperboluri 

wertilebi, rogorc es gamomdinareobs arawrfivi saqanis fazuri 
li

( ),p q  zust rezonanss 

Seesabameba fazuri mrudi qmedebiT 0I  (wyvetili xazi nax..1.16-ze).  θ  

kuTxidan ϕ  kuTxeze gadasvlas Seesabameba mbrunav koor  dinatTa

sistemaze gadasvla 0mν  sixSiriT. Mbrunav koordinatTa sistemaSi 

arawrfivi rezonansis ori sxvadasxva SemTxvevisTvis fazuri mrudebi 

Seesabameba 0k  separatrisuli ujredis 

warmodgenilia nax.1.16-ze. rogorc am naxazebidan Cans  rigis rezonans 

g na,  elifsuri da  

hiperboluri wertilebiT. amrigad arawrfivi rezonansi cvlis fazur  
sivrcis topologias.  
 

0k
aCe 0k 0k

i

               
Nnax. 1.16 a) arawrfivi rezonansi 0 1k = , 0 1m =  ( ),p q  fazur sibrtyeze. 

daStrixuli xazi warmoadgens SeuSfoTebel traeqtorias 0I I= . wvrili 

xazebi Seesabameba fazur rxevebs. Mmsxvili xazi Seesabameba fazuri 

) arawrfivi rezonansis garTulebuli varianti. 

0  0 1m = . 

 zemoT ganxiluli Teoria moyvanili iyo im daSvebiT rom I  sidide 
fiqsirebulia. sxva sityvebiT rom vTqvaT arsebobs mxolod erTi 
izolirebuli rezonansi. Mmagram sinamdvileSi rezonasuli piroba  

(

rxevebis separatrisas. 

 

b
6,k =

) 0k I mω ν− ≈  SeiZleba sruldebodes sxva mI , 1,2,...m =  

mniSvelobebisaTvis. sxva sityvebiT rom vTqvaT pirveladi rezonansebi 

sistemaSi SeiZleba iyos bevri da rezonasis piroba roca 1k =  daiwereba 

ase ( )mI mω ν≈ . Sesabamisad SeiZleba Semotanil iqnas rezonansebs Soris 

manZili qmedebiT I I I ( ) ( )1m m mδ += −  anda sixSiriT 1m m mI Iδω ωω += − . Tu I -

is yvela mniSvnelobebi arian er maneTisagan sakmaod Sors e.  

m mI I

m

i.T

δ >> Δ , dac mIΔ  ganisazRvreba (1.77) tolobiT, maSin rezonansebis 

separatrisebi ar gadaikveTeba da rezonansebi ar urTierTqmedeben 
erTmaneTTan . Tu sawyisi pirobebi isea SerCeuli rom sistema moxvdeba 
erT-erTi rezonansis maxloblad, maSin sxva rezo ansebis gavlena 
SeiZleba ar iqnas gaTvaliswinebuli, dinamikis aRwe a moxdes mxolod  

 sa

n
r am
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rezonansis gavlenis gaTvaliswinebiT. Tu sawyisi wertili moxvdeba 
rezonansebs Soris maSin sistemis dinamika Seswavlili SeiZleba iqnas 

erezonansul miaxloebaSi [12, 32-33]    
analogiurad SeiZleba ganvsazRvroT rezonansebis argadafarvis piroba 

sixSireebis mixedviT: 

ar

m mδω ω>> Δ .  

davuSvaT axla rom rezonansebi imdenad axlos arian erTmaneTTan rom 
maTi separatrisebi gadifaros, am dros SemoyavT  parametric romelic 
axasiaTebs rezonansebis gadafarvis xarisxs: 

'K

' ~ IK
I

ω
δω δ
Δ Δ

= .                                                          (1.83) 

( )
1
mH

dI
⎞

⎜ ⎟
⎝ ⎠

md Iω⎛

(1.78)-is Tanaxmad:    ' ~K
δω ν

= . 

(1.79)-is Tanaxmad SegviZlia davweroT, rom  (

ε
ωΔ

)1 ~m
m mH I Iω , maSin Tu 

( )mI mω ν≈  -sTvis KgaviTvaliswinebT rezonansul Tanafrdobas  

SegviZlia davweroT: 
                        

( ) ( ) ( )

( ) ( )
( )1

m

' ~ ~

m m
m mHε

mm
m

m m

d I d I
I I

dI dI d IIK
I I dI

ω ω
ε ω

ω
ε εγ

ν ω ω

⎛ ⎞ ⎛ ⎞
⎟ ⎜ ⎟

⎛⎝ ⎠ = =⎜ ⎟
⎝ ⎠

    (1.84)  

sadac 

⎜
⎞⎝ ⎠

( )
( )

m mI I
dI
ω ⎞

⋅
⎝

   arwrfivobis parametria. 

rodesac  ' 1K

m
m

d
I

γ
ω

⎛
= ⎜ ⎟

⎠
<<  rezonansebs Soris urTierTqmedeba mcirea, anda 

1
mγ ε
<<  rac imas niSnavs rom sistemis arawrfivoba sakmarisad mcirea 

rom moxdes rezonansebis gadafarva da moZraoba sistemaSi unda iyos 

regularuli. Tuki ' 1K >  anda 
1

mγ ε
>  rac imas niSnavs rom sistemis 

arawrfivoba aris sakmaod didi, maSin adgili aqvs rezonansebis 
gadafarvas da sistemis dinamika xdeba Zalian rTuli. Aamrigad sistemaSi 
ε  rigis mcire SeSfoTebis SetaniT, Tuki sistemaSi arsebobs ramdenime 

rezonansi da sistemi ivos arawrf ba 
1

mγ ε
> ,  maSin SeiZleba moxdes 

sistemaSi ar  

rezonansebis gadafarva da sistemaSi moZraoba iqneba Zalian rTuli 
gansxvavebuli perioduli da kvaziperioduli moZraobisagan. Aamrigad 
sistemaSi qaosis gaCenis erT-erTi winapirobaa misi arawrfivoba. Tuki 

sebobs arawrfivoba, maSin ragind mcire SeSfoTebac ar unda

SevitanoT sistemaSi, Tuki arawrfivoba 
1

mγ ε
> , maSin sistemaSi SeiZleba 

gaCndes qaosi. 
rva Semotanili iqna Cirikovis mier [28], rogorc 

hamiltonuri sistemebis maxasiaTebeli. 
zemoT aRniSnuli problema Tu ra gavlenas axdens mcire 

SeSfoTeba sistemis dinamikaze gadawyvetil iqna mxolod gasuli 

rezonansebis gadafa
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saukunis 60-ian wlebSi cnobili kolmogorov-arnold-mozeris TeoriiT 
 

Teorema invariantuli torebis Senaxvis Sesaxeb [34], romelic 
damtkicebuli iqna ar

(kam-Teoria). 1954 wels kolmogorovis mier Camoyalibebuli iqna cnobili 

noldis [35]  da mozeris [36] mier. Kkam-Teorias  
mogorovis Teorema, romelic amtkicebs rom 

sruliad integrirebadi sistemis mcire SeSfoTebisas ararezonansuli 
torebis didi umravlesoba inaxeba da ganicdian mcire deformacias. Ees 
imas niSnavs, rom yvela rezonansuli tori (romlebzec xdeba peri
moZraoba)  da ararezonansuli torebis nawili  SeSfoTebis Sedegad 
ingreva, magram es simravle mcirea im ararezonansul torebTan 

imisaTvis rom Sesruldes kam-Teoria saWiroa: 

damoukidebelni, rac niSnavs rom unda Sesruldes piroba: 

             

safuZvlad udevs kol

oduli 

SedarebiT, romlebic SeSfoTebis Sedegad inaxeba. 

1. SeuSfoTebeli sistemis sixSireebi unda iyos erTmaneTisagan 

2
0i

k i k

H
I I I
ω∂ ∂
∂ ∂ ∂

det det 0;= ≠    1.. ;i n=  

i e. 

hqondes warmoebulebis sakmao ricxvi; 

2. SeSfoTeba unda iyos gluv i. saWiroa rom 1H  Hhamiltonians 

3. sistema unda imyofebodes rezonansis gareT: 

                 
r

j jk c kω
j

−>∑ , ( )1 2, ,... nk k k k=  

sadac r  damokidebulia sistemis n  Tavisuflebis xarisxze, xolo c  

mudmiva ganisazRvreba 1Hε  SeSfoTebis sididiT. 

Tu es pirobebi sruldeba, maSin kam- Teoriis azri imaSi mdgomareobs, 
rom sawyisi pirobebis didi umravlesobisaTvis sistemebSi, romlebic 
axlos integrirebul sistemebTan, moZraobis kvaziperioduli xasiaTi 

 Mmagram arsebobs iseTi sawyisi pirobebi, romlis drosac 0
inaxeba. 

ε =  dros 
arsebuli rezonansuli torebi ingreva da moZraoba xdeba 
araregularuli. swored am darRveuli torebs mihyavT sistema qaosamde, 
traeqtoriebs, romlebic iwyebian darRveuli torebis areSi SeuZliaT 
Tavisuflad ixetialon energetikul zedapirze.  Aamave dros aseTi 
traeqtoriebi iqnebian eqsponencialurad aramdgradi mcire SeSfoTebis 
mimarT. 
Mmcire ε -is dros rezonansisagan Sors mdgari torebi inaxeba, nebismieri 
gluvi SeSfoTebis mimarT. magram ε -is zrdiT suraTi icvleba , torebi 
iwyeben daSlas da qaosurobis are izrdeba. Bbolos da bolos amas 
mivyavarT rezonansebis gadafarvamde da warmoiqmneba movlena romelsac 
dinamikaSi ewodeba globaluri qaosi. 
Gglobaluri qaosis dros ar rCeba arc erTi tori, romelic axlos iyo 
SeuSfoTebel torebTan, magram SeiZleba warmoiqmnas axali torebi. 
fazuri traeqtoria aseT sistemaSi gadis qaosur fenebze.  
Mmxolod roca 1ε <<  rezonansebi ar gadaifareba da amonaxsnebi Zevs 
mcired deformirebul invariantul torebze.  Aam dros erTmaneTisagan 
unda ganvasxvavoT sistemebi ori Tavisuflebis xarisxiT  da sistemebi 

2n >   Tavisuflebis xarisxiT. Gga 2n =nsxvaveba is aris rom, roca  

torebi romlebic Seesabameba qmedebis sxvadasxva ( )1 2,I I  mniSvnel  

Cadgmulni arian erTmaneTSi, amitom isini erTmaneTs ar kveTen. Aam 

obebs
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SemTxvevaSi amboben rom torebi yofen sivrces. daSlili torebi 
Sei ebulni iyvnen mdgr toreb Soris. Aamitomac qmdebis 
cvladebi TiTqmis ar icvleba da isini rCebian Tavisi sawyisi 

a  
lobalurad mdgradi 

sistema.    
   rebi ukve aRar yofen 

Zleba moTavs ad s 

mniSvnelobis maxloblad. Aamitomac sistemebisaTvis ori Tavisuflebis 
xarisxiT, romlebic akmayofileben kam-Teorias sawyisi pirobebis yvel
mniSvnelobisaTvis evolucia ar gvaqvs da gvaqvs g

roca 2n > , n ganzomilebiani to 2 1n −  
ganzomilebian ene getikul zedapirs da daSlili rezonansuli torebis 

 moZraobs am abla  

r
areebi erTmaneTs uerTdeba da warmoqmnis erTian qsels, egreT wodebul 
arnoldis ablabudas. Ffazuri wertili romelic budis
qselSi SeiZleba aRmoCndes Tavisi sawyisi mdgomareobidan sakmaod Sors- 
warmoiqmneba egreT wodebuli arnoldis difuzia [12]. arnoldis 
difuziis erT-erTi mniSvnelovani Tviseba is aris, rom ar arsebobs ε -is 
kritikuli mniSv loba, romelic saWiroa misi arsebobisaTv  ne is, sxva
sityvebiT rom vTqvaT am difuzias adgili aqvs nebismieri mcire ε -ebis 
dros. Sesabamisad hamiltonuri sistemebisaTvis, romlebic axlos arian 
integrirebad sistemebTan, roca Tavisuflebis xarisxi 2n >  globaluri 
mdgradoba ara gvaqvs. arsebobs arnoldis difuziis mravali magaliTi 
[37-39].  
 moviyvanoT ubralo mtkicebuleba imisa,  Tu  ratom yofen torebi 
sivrces 2n .  ganzomilebian fazur sivrceSi 2nmxolod rodesac =
mudmivi energiis zedapirs aqvs ganzomileba 2 1n − , xolo sazRvrebs 
romelic mas yofs sxvadasxva areebad aqvs 2 2n −  ganzomileba. imisaTvis 
rom torebma gayos sivrce maTi ganzomileba n unda akmayofilebdes 
pirobas 2 2n n≥ − , aqedan 2.n ≤  

davuSvaT mocemuli gvaqvs dinamiuri s 1,... nx xistema, romelic xasiaTdeba  

dinamiuri cvladebiT da ( ) ( )1,... nh x x h x=  am cvladebis integrebadi 

funqciaa. h funqcia zogadad damokidebuli iqneba drozec ( )( )h h x t= . 

Aam sididis droiTi saSualo ewodeba sidides ( )( )
0

1lim
T

T
h h x t dt

T→∞

= ∫ . 

SvaT sistemis moZraoba xdeba fazuri sivrcis SemosazRvrul  DDdavu  

areSi fazuri moculobiT DV  maSin fazuri saS  ganisazRvreba 

Semdegnairad: 

ualo

( )
( )

1
1, ...D n

D

h V h x dV dV dx dx−= ≡∫ .  

Ddinamiur sistemas ewodeba ergodiuli Tu misi droiTi  da fazuri 

saSualoebi erTmaneTis tolia [21-22,30,40]: h h= . 

davuSvaT dinamiuri sistemis moZraobas vakvirdebiT sakmaod didi T →∞  
drois ganmavlobaSi. gamovyoT fazuri sivrcis D  areSi sadac xdeba 

sistemis moZraoba,  moculoba DΩ∈ T. avRniSno -iT dro romlis 

s

T Ω

ganmavlobSic si tema moxvdeba Ω  areSi ( )x t ∈Ω . Tu fa  

traeqtoriebi Tanabrad avseben fazur sivrces. MmaSin albaToba imisa,  

rom  fazur sivrceSi moZraobisas 

zuri

( )x t  fazuri wertili  moxvdeba Ω  

areSi tolia 
D

V
V
Ω . sistemis moZraoba ergodulia Tu: 

D D

T V
T V
Ω Ω= . 
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sistemis ergoduloba ar aris sakmarisi misi qaotizaciisTvis . amis 
magaliTs warmoadgens ori oscilatori romelTa traeqtoriebi Tanabrad 
faraven organzomilebian tors. aseT sistemaSi qaosuri moZraoba 
SeuZlebelia Tumca moZraoba ergodulia. Aam moZraobisTvis 
damaxasiaTebelia, rom inaxeba fazuri sivrcis ara marto moculoba 
aramed formac. Mmagram arsebobs dinamiuri sistemebi, romlebisTvisac 

T i mde

sawyisi moculoba 0Ω  fazur sivrceSi moZraobisas Zlierad 

deformirdeba. Aamas mivyavar qa , rom raRac drois Semdeg 0Ω  

sawyisi are gadanawildeba mTel energetikulad dasaSveb areebSi anu 
hiperzedapirze, ise rom misi  misi nawilebi SegviZlia aRmovaCinoT 

energetikuli hiperzedapiris nebismier areSi, damoukideblad 0Ω -is 

sawyisi formisa da zomebisa. aseT moZraobas ewodeba moZraoba aRreviT 
[21-22, 29-30]. 
 imisaTvis rom davaxasia  aRreviT, ganvixiloT fazuri 

sivrcis ori are 

ToT moZraoba

A da B  moculobebiT ( )V A  da ( )V B . CavTvaloT rom 

 are icvleba droi obaSi s ganmavl t
tA F A=B  are rCeba uZravi, xolo A , 

sadac tF  evoluciis operatoria, romelsac A are gadahy tA  areSi. avs 

davuSvaT tA B∩  warmoadgens tA -s im nawils, romelic dros t  momentS  

evoluciis Semdeg moxvdeba 

i

B  areSi. Ddinamiuri sistemis moZraobas 
fazur sivrceSi ewodeba moZraoba
romelic toli

 aRreviT Tu arsebobs zRvari , 
a [21-22]: 

t →∞

( )
( )

( )
( )lim t

t

V A
V B V D→∞

= ;                                    (1.85) 
V A B∩

Lliuvilis Teoremis Tanaxmad ( ) ( )tV A V A= , amitom 
( )
( )

( )
( )

tV AV A
V D V D

=  aris 

fardobiTi moculoba romelsac ikavebs A are  D - areSi, xolo 

( )
( )
tV A B

V B
∩

 aris fardobiTi moculoba, romelsac ikavebs drois t  

momentSi B -Si moxvedrili tA  aris nawilebi. (1.85) pirobis Tanaxmad, e  

ori fardoba TmaneTs emTxveva, rogoric ar unda i

s

er yos A B da  areebis 
zomebi, forma da urTierTganlageba. 
  Aaqedan gamomdinareobs ramdenime mniSvnelovani Sedegi [21-22]: 
B  are SegiZlia aviRoT rac SeiZleba mcire da ganlagebuli nebis- 
mierad energetikul zedapirze. Mmiuxedavad amisa didi t  drois gasvlis 

Semdeg B  areSi aRmoCndebian t
tA F A=  aris nawilebi. Ees imas niSnavs, 

rom t →∞  droSi tA  aris nawilebi aRmoCndebian energetikuli zedapiris 

nebismierad arCeuli wertilis maxloblobaSi. sxva sityvebiT, rom 
vTqvaT sawyisi A are gadiqceva Zalian wvril ablabudad, romelic  
faravs mTel energetikul zedapirs, ise rom am ablabudas jamu  
moculoba sawyisi 

ri
A aris moculobis tolia. 

 aseT sistemebSi SeuZlebelia viwinaswarmetyveloT sistemis 
saboloo mdgomareoba, radganac nebismieri fizikuri sistemis sa isi 
mdgomareoba SeiZleba cnobili iyos mxolod raRac sasruli sizustiT. 
Aamas SeiZl

wy

eba is  interpretacia gavukeToT, rom sawyisi pirobebi 

moicema ara raRac erTi  sawyisi wertiliT fazur sivrceSi, aramed 0X
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raRac ariT DεΩ ⊂  fazur sivrceSi. am aris maxasiaTebeli zomebia ε . 

Tu sistema xasiaT eba aRreviTi moZraobi  sawy are t →∞  drois 
mdeg ganawildeba mTel 

d T, es isi 
Se D  areSi. sxva sityvebiT rom vTq  

rom dr is 0t =  momentSi es wertili ekuTvnoda 

vaT, 
fazuri wertilis mdebareoba cnobilia sasruli sizustiT e.i. vicodiT 

o

Tu

εΩ  ares, maSin imis 

Tqma, rom sad aRmoCndeba is sakmaod didi dros Semdeg SeuZlebelia. 
(sawyisi pirobebis mimarT mgrZnobiaroba). sistemis aRrevas mivyavarT 
Seuqcevadobamde. marTlac rom aviRoT energetikuli zedapiris  
are, am areSi sakmaod d

ra
idi ois Semdeg aR

nawilebi, romlebic ekuTvnodnen sxvadasxva sawyisi pirobebis areebs. 
Nnebismier f  vic  
raRac sizustiT. Ee.i. veqtori romelic aRwers sabo

ime

iT

 dr moCndebian fazuri sivrcis 

eloba
loo mdgomareobas 

izikur eqsperimentSi fizikuri sididis mniSvn

( )X t , ekuTvnis raRac ε  zomis mcire ares, radganac am areSi SeiZleba 

Aamitom Cven ar SegiZlia vTqvaT Tu drois sawyis 0t  momentSi sad 
moxvdnen wertilebi, romlebsac sxvadasxva sawyosi pirobebi hqond  

imyofeboda 

aT.
=

( )X t
aRwera SeuZlebelia da saWiro xdeba statistikuri maxasiaTeblebis 
Semotana.  
 sistemebis, sadac xdeba mo aoba aRreviT, erT-erTi damaxasiaTebeli 
sididea kolmogorovis entropia.  ganvixiloT fazuri sivrc s raime 
mcire ujredi. rodesac xdeba moZraob

 wertili, e.i. aRreviTi moZraobis determinirebuli 

a 
r yv  

ebSic drois ganmavlobaSi fazuri traeqtoriebi swrafad 

Zr
i

aRreviT, is unda ganerTxes mTel 

b

f  sivrceSi. es imas niSnavs rom wertilebi romlebic axlos iazu
er

nen
TmaneTTan drois sawyis momentSi, raRac drois Semdeg erTmaneTs 

Sordebian da moZraoben erTmaneTisgan damoukide lad. amitomac 
aRreviTi moZraoba  mosalodnelia iseT aramdgrad sistemebSi, 
roml
scildebian erTmaneTs. sxva sityvebiT rom vTqvaT  sawyisi pirobebis 
ragind mcire SeSfoTebas mivyavarT fazuri traeqtoriebis ragind did 
dacilebamde SeuSfoTebeli moZraobis traeqtoriisagan. Aam dros amboben 
rom adgili aqvs lokalur aramdgradobebs, es ki imas niSnavs rom 
arsebobs mimarTulebebi fazur sivrceSi, saiTkenac manZili or fazur 
wertils Soris izrdeba eqsoponencialurad [12, 30]: 

( ) ( ) 00 h tD t D e=                                                  (1.86) 

sadac 0 k
k

h λ=∑ , kλ  liapunovis dadebiTi maCveneblebia 0kλ > . maSin 

kolmogorovis entropia ganisazRvreba Semdegnairad [30]: 0h h= , sadac 

 aRniSnavs fazur saSualos. Tavisi ganmartebi aosuri 

sistemebisaTvis kolmogorovis entropia yovelTvis dadebiTia: 0h > . 
sistemebSi, romlebSic xdeba moZraoba aRreviT adgili aqvs 
korelaciebis gawyvetas [21-22, 29-30, 38]:  

(

T q

) ( ) ( ) ( ) ( ); ; 0tP f g t f F x g x f x g x= − =                       (1.87) 

sadac ( ), ,P f g t  korelaciuri funqciaa, ( ) ( )1,... nf x f x x= , ( ) ( )1,... ng x g x x=  

fizikuri sidideebia romlebic axasiaTeben sistemas..  
sxva sityvebiT rom vTqvaT rodesac sistemaSi adgili aqvs moZraobas 

aRreviT, cτ  drois Semdeg fizikuri sidideebi Tavis sawyis pirobebs 

ikurad damoukidebelni. civiwyeben  da xdebian statist τ  sistemis 
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aRrevis droa. (1.86)-is Tanaxmad es dro Sedegnairad aris dakavSirebuli 

kolmogorovis entropiasTan: ~ 1/ ch τ . Aamrigad kolmogorovis entropiis 

Sebrunebuli sidide gansazRvravs sistemis aRrevis dros. 
1t
h

>>  drois 

gasvlis Sem Ωdeg, Tu sistema k atiulia, fazuri sivrcis sawyisi onserv  0

are ganirTxmeba mTel energetikul zedapirze,  anda miizideba ucnauri 

atraqtorisken, Tu gvaqvs disipaciuri dinamiuri sistema. 
1~ct
h

τ<<  

droebSi sistemis moZraoba SegviZlia viwinaswarmetyveloT sakmao 

sizustiT. 
1~ct
h

τ>>  drois Semdeg sistemis moZraoba aRiwereba 

statistikuri kanonebiT.  
 kidev erTi formaluri gansxvaveba ergodul moZraobasa da aRreviT 
moZraobas Soris mdgomareobs sistemis speqtraluri Tvisebebis 

gansxvavebaSi. SemovitanoT ( ), ,P f f t  korelatoris speqtraluri 

simkvrive: ( ) ( ), , i tP f f t d e Pωω ω
+∞

−∞

= ∫ .                                 (1.88) 

Eergoduli moZraobisaTvis speqtri diskretulia e.i.: 

( )k
k

P( )P ω δ ω∑ kω= −

moZraobas k

 rac  niSnavs sistemis pirobiTad periodul 

ω sixSireebiT. kω  sixSireebis simravle S a iyos 

sruloba e.i.  sixSireTa speqtri diskretulia, Tumca SeiZleba iyos 
istemaSi gvaqvs moZraoba aRreviT, sixSireTa 

speqtri uwyvetia [21, 30]. qaosuri moZraobisaTvis damaxas be

eiZl

usa
usasrulo.  xolo, Tu s

 

aramdgradoba dakavSirebulia faz r

eb

iaTe lia

sTan 

uwyveti furie speqtri. 
vaCvenoT axla rom arawrfiv hamiltonur rxeviT sistemaSi moZraobis 

θu i traeqtoriebis gaWimva  
cvladiT. 

servatuli r viTi a, amisaTvis ganvixiloT arawrfivi kon xe
romelzec moqmedebs perioduli biZgebi: 

 sistem

( ) ( ) ( )0 0, , ,
k

H H V I t H V I T t kTε θ ε θ δ
+∞

=−∞

= + = + −∑ ;                       (1.89) 

MmaSin moZraobis gantolebebisaTvis ,H HI
I

θ
θ

∂ ∂⎛ ⎞= − =⎜ ⎟∂ ∂⎝ ⎠
 miviRebT: 

( ) ( ) ( )

( ) ( ) ( ) ( )

, , ,

, ,
k

k

V I t V I

V I t VI I T t kT
I I

θ θ
θ θ

θ
θ ω ε ω ε δ

+∞

=−∞

+∞

=−∞

∂ ∂⎧
⎪ ∂ ∂⎪

∂ ∂⎪ = + = + −⎪ ∂ ∂⎩
∑

davuSvaT biZgi xdeba raRac 0t t

I T t kTε δ= − = − −

⎨
∑

                        (1.90) 

=  drois momentSi. ganvsazR  vroT T̂
asaxva Semdegnairad (nax.1.17): 

( ) ( )ˆ, ,I T Iθ θ= ,                                                          (1.91)     

( )0I I t T= + − 0 , ( )0 0 ,t T+ −  θ θ= ( )0 0I I t= − , ( )0 0tθ θ= −   
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Nnax.1.17 universaluri asaxvis miReba  

 T̂  asaxva miiReba, rogorc Tanmimdevruli T̂δ  biZgis operatorisa da 

Tavisufali  R̂T  moZraobis (torze brunvis) o eratoris namravli: p

ˆ ˆ ˆ
RT T Tδ= ⋅ . 

T̂δ  operat ( ) ( )( )0 00 , 0I t tθ− −ors gadahyavs sistema  mdgomareobidan 

( ) ( )( )0 00 , 0I t tθ+ +  mdgomareobaSi: ( ) ( )( ) ( ) ( )( )0
ˆ0 , 0 0 , 0I t t T I t tθ θ+ + = − − . 0 δ 0 0

T̂δ  gavaintegroT sistema ( )imisaTvis rom miviRoT 0 0  biZgi0, 0t t− + s 

maxloblobaSi. (1.90) gantolebaTa sistemidan miviRebT: 

( ) ( ) ( )0

0

0

0 00 0I t I t Idt T
0

;t

t

V I θ
ε+ − − = = −∫ ;       (1.92) 

θ

+

−

∂
∂

                 

( ) ( ) ( )0

0

0

0 0
0

;
0 0

t

t

V I
t t dt T

I
.

θ
θ θ θ ε

+

−

∂
+ − − = =

∂∫  

 brunvis operators gadahyavs sistema R̂T ( ) ( )( )0 00 , 0I t tθ+ +  

( ) ( )( )mdgomareobidan, 0 0  mdgomareobaSi: 

(
0 , 0I t T t Tθ+ − + −

) ( )( ) (( )) ( )0 00 , 0 RI t T t T T Iθ+ − + − = 0 0
ˆ 0 ; 0t t+ +θ . 

(1.90) moZraobis gantolebidan: 

( ) ( )
( ) ( ) ( )

0 0

0 0

0 0

0 0

I t T I t I

t T t I Tθ θ ω

⎧ + − = + =⎪
⎨

+ − = + +⎪⎩
                                (1.93) 

(1.91) da (1.92) gantolebebis gaerTianeba gvaZlevs: 

( ) ( )

( )

,
;

,

V I
I T T

I
V I

I I T

θ
θ θ ω ε

θ
ε

θ

∂⎧
= + +⎪⎪ ∂

⎨
∂⎪ = −⎪ ∂⎩

                                  (1.94) 

(1.94) asaxva erTmaneTs akavSirebs ( ),n nI θ  cvladebs  biZgamde da  

Zgis Semdeg 

n n

( ) ( )bi 1 1n n n n
ˆ, ,I T Iθ θ= :  + +
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( ) ( )

( )

1 1

1

,
;

,
.

n

n n

I
n n

n n n

n n

V I
I T T

V I
I I T

θ

n

θ θ ω ε

ε
θ

+ +

+

⎧ ∂
= + +⎪

⎪
⎨

∂⎪ = −⎪ ∂

. misi Semdgomi 
gamartivebis mizniT davuSvaT, rom V  aris mxolod erTi cvladis 

θ
∂

                               (1.95) 

⎩

miviReT universaluri asaxva. (1.95) asaxva zustia
θ -s 

funqcia. magaliTad ganvixiloT r mel c 
moqmedebs perioduli biZgebi. misi hamiltoniani qmedeba kuTxis 
cvladebSi Caiwereba ase:  

otatori CaxSobis gareSe, ro ze

( ) ( )
2

2 k
T t kTε θ δ

=−∞

= + ⋅ −∑                                 
IH V

+∞

    (1.96) 

maSin ( )I Iω =  da (1.95) asaxva miiRebs aseT saxes:  

( )
( )

1 1

1

n n n

n
n n

n

I Tθ θ ω

V
I I T

θ
ε

θ

+ +

+

⎪
∂⎨

= −⎪ ∂⎩

                                             (1.97) 

Semdgomi gamartiveba mdgomareobs  potencialis saxis arCevaSi Tu 

avirCevT rom cosV V

= + ⋅⎧

V
0 θ= , maSin miviRebT: 

( )1 1

1 0 sin
n n n

n n

I T
I I V T
θ θ ω

nε θ
+ +

+

⎧ = + ⋅⎪
⎨

= +⎪⎩
                                            (1.98)  

Tu  aviRebT 1T =  da SemoviRebT aRniSvnas 0K Vε= −  maSin miviRebT egreT 

m asaxvas miviRebT 
Tu ganvixilavT rotatoris amocanas CaxSobis gareSe da (1.11) 
wodebul Cirikovis anu standartul  asaxvas [27-28]. Aa

formulebSi gadavalT zRvarze ( )0→ ( da aviRebT: ) sinn nKf x K xΓ = −   

( )1 1

1 sin
n n n

n n

I
I I K
θ θ ω

nθ
+ +

+

⎧ = +⎪
⎨

= −⎪⎩
 

Mmocemuli asaxva gadavweroT Semdegnairad: 

( )1

1

sin ;
sin .

n n n n

n n n

I K
I I K
θ θ ω θ

θ
+

+

⎧ = + −⎪
⎨

= −⎪⎩
                                         (1.99) 

Mmocemuli sistemisaTvis arawrfivobis parametri: 

 
( )

( )
1m m

m
mI⎝ ⎠

d I I
dI

ω
γ

ω
⎛ ⎞

= ⋅ =⎜ ⎟ , xolo SeSfoTebis rols TamaSobs 0K Vε= −

ansebis 

 

sidide amitom   'K  koeficientisaTvis romelic axasiaTebs rezon
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' ~K Kgadafarvas SegviZlia davweroT: . rodesac , maSin  

adgili aqvs rez  
moZraobamde.  

vaCenoT axla rom rezonansebis gadafarva pirdapir aris 
i

vixiloT si

1K >>

dide: 

' 1K >>
aosuronansebis gadafarvas, romelsac mivyavarT q

dakavSirebuli fazuri traeqtorieb s gaWimvasTan da traeqtoriebis 
aRrevasTan fazur sivrceSi. amisaTvis gan

1 1 cosn
n

n

Kδθ θ
δθ

+ − = ⋅  

iaTe

an a
1K >> , maSin xdeba lokaluri aramdgradobebi, romelsac mivyavarT 

traeqtorebis aRrevasTan fazur siv
-s mniSvnelobebi, yovelTvis arsebobs kuTxebis iseTi are: 

                                           (1.100) 

romelic axas bs fazebis gaWimvas. 

roca 1K <<  maSin SegviZlia vilaparakoT moZraobis mdgradobaze kam 
Teoriis Sesabamisad, radganac sawyis momentSi axlos mdebare fazuri 
traeqtoriebi rCebian erTmaneTT xlos evoluciis procesSi. , roca 

rceSi. magram ramdenadac didi ar 
unda iyo

1/
s K

KθΔ ≤ , rodesac cos 1K θ⋅ <  da gaWimva ara gvaqvs. Ees areebi 

ganlagdebian / 2θ π=  maxloblad da mas S eba m  

vaCvenoT axla, rom a  
gaWimvis Sedegad mivyavarT, korelaciebis gawyvetamde da Sesabamisad 
traeqtoriebis aRrevamde fazur sivrce a  

eesabam

Si. amisaTvis g

dgradi

zebis

nvixiloT

traeqtoriebi. 

ramdgradobebs, romlebic warmoqmneba fa

korelaciis funqcia fazebisaTvis [29-30]: 

( ) ( )0P
2

0
0

1,0
2

ni r s
nr t s d e

π
θ θ

                                         (1.

sadac r  da 

θ
π

−= ∫ 101) 

s  mTeli dadebiTi ricxvebia, xolo ( )1nt n TT n= = = . 

(1.99)-dan CavsvaT nθ  rogorc 1nθ -is funqcia, maSin miviRebT: −

( ) ( )1 1 0

2
2 sin

0
0

1,0
2

n ni r r K s
nP r t s d e

π
θ ω θ θθ

π
− −+ − −= ∫                                (1.102) 

gaviTvaliswinoT cnobili gaSla [41]:  

z e( ) ( )sin 1 miz im
m

m
e Jϕ θ

+∞
−

=−∞

= −∑                                                                                       (1.103) 

( ) ( ) ( )1 n ( )da cnobili Tanafardoba: n nJ x J= − x J x−  sadac n  beselis 

funqciaa.  

korelaciis funqciisaTvis gveqneba: maSin 
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( ) ( )

( ) ( ) ( ) ( )

1 1 0

1 1 01 1

2
2 sin

0
0

0 0
0

1,0
2

1 1 1
2

n n

n n n

i r r K s
n

mi r r i r r s im

P r t s d e

d e d e J rk e

π
θ ω θ θ

θ ω θ ω θ

θ

θ θ
π

− −

− − −

+ − −

+∞
+ + −

= =

= − =

∫

∑∫ ∫

( ) ( ) ( ) ( )( )

( )

1 2 1 1 2

1

1

1

sin

0

2

1
2

1

n ni r m r m r m Kir
m

m

i r
m

e J rk e

e J rK

θ ω θω

ω

π
− −− + − − −

=−∞

+

= =

=

∑ ∫

( )( ) ( )( )1

2 1
i r m m sim

mJ r m K e e θ θω
+∞ ∞

− − −−−∑ ∑

0

2

2 2
sin

0

2

2

2

ns irk

m

m

e
π π

θ θ θ

π

π

π

π

−− −

=−∞

+∞

=−∞

1 2 1 0

1

n

m

−

=−∞

=

    (1.104) 

( ) ( )( ) ( )( ) ( )
1

1

1 1 1 1... ... ... ... ,0 ,0
n

n

inr
m m n

m m
e J rK J r m K J r m m K P r m mω

+∞ +∞

−
=−∞ =−∞

= − − − −∑ ∑ n s−  

 rom ( ) ( ) 0

2

Aadvili dasanaxia, 0
02 mn

1,0 ,0 i m nP m n e dθ
π

θ δ−= =∫

Ggarda amisa Tu gamoviyenebT beselis funqciebis asimptotikas [41]: 

π
. 

( )
( )1/2

1~ ,mJ z z 1>>   maSin miviRebT: 
z

( ) /
2

n ctinr T inr Te e eτ
/2 /

1 1, ,0 ~ inr
n n nP r t s e

K K
ω ω ω−=                            (1.105) =

sadac 
2

c
Tτ =  korelaciis ga amrigad fa Tvis  

ln K
wyvetis droa. A zebis cτ -

korelaciis gawyvetis  drois arseboba niSnavs fazuri traeqtoriebis 
ansebis gadafarvas mivyavarT 

fazuri traeqtoriebis gaWimvamde da moZraobis aramdgradobamde, rasac 
Tavis mxriv mivyavarT fazuri traeqtoriis aRrevamde. SegviZlia wavideT 
ufro Sors da aRreviTi moZraobisaTvis davweroT kinetikuri gantoleba. 
Kkinetikuri gantolebis misaRebad gamovideT uwyvetobis gantolebidan 
ganawilebis funqciisaTvis: 

aRrevas. Ee.i. Cven vaCveneT, rom rezon

( , , ) [ ( , , )] [ ( , , )] 0f t I f t I If t I
t I

,ϕ ϕ ϕ ϕ
ϕ

∂ ∂ ∂
+ +

∂ ∂ ∂
=                             

saidanac (1.90) gantolebaTa sistemis gaTvaliswinebiT vRebulobT 
liuvilis gantolebas:  

   (1.106) 

0 1

0

1

( )

( ) ,

,

fi L L f
dt

L i I

V VL i
I I

ε

ω
θ

θ θ

∂
= +

∂
=

∂
∂ ∂ ∂ ∂⎛ ⎞= − −⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

                                               (1.107) 
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( , , )zf t s θ  θ CavTvaloT rom -s perioduli punqciaa.  amitom is 
axiT: warmovadginoT Semdegi s

02 n
n

1( , , ) exp[ ( ') ' ] ( , )
t

f t I in t dt f I tθ θ ω
⎛ ⎞

= −∑
CavsvaT (1.108) (1.107)-Si, saidanac miviRebT: 

π ⎜ ⎟
⎝ ⎠

∫                                  (1.108) 

( )
1

0

,
exp[ ( ) ( ') '] ( , )

t

i m n t dtn
m

m

f I t
i n L m f I t

t
ε ω

∂
= −

∂ ∑ ∫                                                   (1.109) 

sadac 
2

1

0

1
2

in imn L m d e L e
π

1
θ θθ

π
−= ∫                                         (1.110)  

 
(1.109)-is formaluri  amoxsna Semdegnairad Caiwereba: 

1

11
0 0

tt

n n m
m

f ( , ) ( ,0) exp[ ( ) ( ') '] ( , ) I t f I i dt i m n t dt n L m f I tε ω= − −∑∫ ∫                 (1.111) 

(1.111) gantolebis iteracia meore rigamde mogvcems: 

( ) ( ) ( ) ( ) ( ) ( )
1

1 1 1
0 0

ˆ, ,0 exp ' ' ,0
tt

n n m
m

f I t f I i dt i n m t dt n L t m f Iε ω
⎡ ⎤

= − − +⎢ ⎥
⎢ ⎥⎣ ⎦

∑∫ ∫

( ) ( ) ( ) ( )
1 1

2 exp
t tt

i dt dt i n mε ω
⎡ ⎤

+ − −⎢ ⎥∑∑∫ ∫

( ) ( ) ( ) ( )
2

1 2
0

ˆexp ' ' ,0ki m k t dt m L t k f Iω
⎡ ⎤

⋅ −⎢ ⎥
⎢ ⎥⎣ ⎦

∫

1 2 1 1
0 0 0

ˆ' '
m k

t

t dt n L t m⋅ ⋅
⎢⎣

∫      (1.112) 

Aaqedan nulovani komponentisaTvis miviRebT: 

⎥⎦

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

1 1

2

1 2
ˆexp ' '

t

i m k t dt m L t kω
⎡ ⎤

⋅ −⎢ ⎥
⎢ ⎥⎣ ⎦

∫

0 0 1 1 1
0

2
1 2 1 1

0 0 0

0

ˆ, ,0 exp ' ' 0 ,0

ˆexp ' ' 0

,0

tt

m
m

t tt

m k

k

f I t f I i dt i m t dt L t m f I

i dt dt i m t dt L t m

f I

ε ω

ε ω

⎡ ⎤
= − − +⎢ ⎥

⎡ ⎤
+ − − ⋅ ⋅⎢ ⎥

⎢ ⎥⎣ ⎦

∑∫ ∫

∑∑∫ ∫ ∫        (1.113) 

CavTvaloT rom 

0⎢ ⎥⎣ ⎦

( )1̂L t  warmoadgens t -s periodul funqcias 2 /t π= Ω  

periodiT. maSin SegviZlia davweroT: 

= Ω *
1 1 exp( )p

p
L L ip∑ t  1, 1,p pL L− =                                            (1.114) 

Aam gamosaxulebis Casma (1.113) gamosaxulebaSi gvaZlevs: 

1

1 2t tt
1 2

1

0 0

11
0 0

( )2
1 11 2 1 2

0 0

2

( , ) ( ,0)

exp[ ( ') '] 0 ( ,0)

( ) exp[ ( ') '] 0 ( ) ( ) 0 ( ,0)

t

m
m

ip t t
p p

m p t

f I t f I

i dt im t dt L m f I

i dt dt im t dt L t m m L t e f I

ε ω

ε ω Ω −
−

= −

− +

+ − +

∑∫ ∫

∑∑ ∫ ∫ ∫
(1.115) 

t

0

'ε+ Σ
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2 'ε Σsadac  aRniSnulia yvela danarCeni swrafad oscilirebadi 
ararezonansuli wevrebi, amitom isini SegiZlia ugulebelvyoT roca 

. 

SemoviRoT sawyisi fazebiT gasaSualoeba 

t →∞
2

0
0

1...
2

d
π

θ
π

<< >>= ∫  da aRniSvnebi: 

 maSin (1.115)-dan miviRebT:  
2

1

2 1( , ) ( ') ',
t

t

t t t dtωΨ = ∫  0( , ) ( , ) .F I t f I t=<< >>

 
1

1 2

0

( )2
1 11 2 1 2 0

0 0

( ,0)

( ) exp[ ( , )] 0 0 ( ,0).

t

m
m

tt
ip t t

p p
m p

f I

i dt dt im t t L m m L e f Iε Ω −
−

−

+ − << − Ψ >>∑∑∫ ∫
 (1.116) 

moZraobis gantolebebidan SegviZlia davweroT: 

10 1 1( , ) ( ,0) exp( ( ,0)) 0F I t f I i dt im t L mε= − << Ψ >>∑∫

( ),Iθ ω≈ −  amitom                          (1.117) 

radganac Cven gvaqvs moZraoba AaRreviT amitom (1.105) gamosaxulebis 
analogiurad SegviZlia davweroT: 

1

 
1

2

1 2 1 2( , ) ( ') ' ( ) ( )
t

t

t t t dt t tω θ θΨ = = −∫

  

1 1exp ( ,0) exp( ( ( ) (0)))im t im t 1exp( / )exp( ).ct im tθ θ<< Ψ >>=<< − >>≈ τ− − ω         (1.118) 

sadac 2 / lnc T Kτ = . Aanalogiurad: 

2 1 1 2

exp( ( ) / ) exp( ( ).t t im t t1 2 1 2

exp ( , ) exp( ( ( ) ( )))

c

im t t im t tθ θ<< Ψ >>=<< − >>≈
τ ω≈ − − − −

                            (1.119) 

Tu CavsvavT (1.118)-s da (1.119)-s (1.116)-Si, SemovitanT axal cvlads 

1 2t tτ = − da gavawarmoebT -Ti miviRebT: 
  

t

1

/ ( )2
1 1 0

0

exp( / ) 0 ( ,0)

( ) 0 0 ( ,0)c

im t
c m

m
t

i m p
p p

m p

F i t e L m f I
t

i d e L m m L f

ω

τ τ ω τ

ε τ

ε τ

−

− − − Ω
−

∂
= − − −

∂

− −

∑

∑∑ ∫ .I
                   (1.120) 

(1.120)-dan Cans rom roca ct τ>> , pirveli wevri eqponencialurad ecema, es 

imas NiSnavs rom sistema iv Tavisi sawyisi pirobebis Sesaxeb 

informacias, romelsac Seicavdnen 

iwyebs 

( ,0)mf I  

z

wevrebi. amitom Tu gadavalT 

-Ti miviRebT: zRvarze t →∞ , da 0 ( ,0)zf s -s SevcvliT ( ,F s )t

   / ( )2
1 10 0 .p p

m
L m m L F−          

0

( ) lim c

t
i m p

t p

F i d e
t

τ τ ω τε τ − − − Ω

→∞

∂
= −

∂ ∑∑ ∫     (1.121) 

Tu CavatarebT integrirebas, (rezonansobis piroba 0m pω − Ω ≈  niSnavs 
rom (1.121) gamosaxulebaSi ormagi jamidan xdeba im wevrebis amorCeva 

c -is da m promlebSi -s niSnebi erTnairia) da gaviTvaliswinebT agreTve 

rom 1 1p p− − 1 1
ˆ ˆ ˆ ˆ0 0 , 0 0p pL m L m L L m− = − =  miviRebT: m

1 12
2 2

0 0

2 .
(1/ ) ( )m pt m p

ε
τ ω> >

=−
∂ + − Ω∑∑              

(1/ ) 0 0p pc

c

L m m L FF τ −∂
                  (1.122) 

davTvaloT axla 1 10 0p pL m m L −  sidide: 
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gaviTval  rom t 1 1 exp( )p
p

L L ip= Ω∑iswinoT , L 11 ( )
2

ip t
p L t e dt

π
− Ω= ∫ , 

/ 2

/ 2

T

T

L
−

Ω

2

1 1
1

2
in imn L m d e L e

π

0

θ θθ
π

−= ∫ , 1 ( V VL i ),
I Iϕ ϕ

∂ ∂ ∂ ∂
= − −

∂ ∂ ∂ ∂
                                             (1.123) 

( , , ) ( , ) ( ),
k

V I t V I T t kTϕ ϕ δ
+∞

=−∞

= −∑  ( , ) ( ) , *in
n z n nV I V s e V Vϕϕ

n
−= =∑ . 

maSin miviRebT: 

( ) ( )

( ) ( ) ( )

( ) ( )( )

( )

/2

1 1 1

/2 0

2

0

1ˆ0 0
2 2 2

, ,1
2

1
2

T T
ip t

p

im ip t

k T

in in imn
n

n

m

L m L t m e

i e e t kT
I I

V I
i d e V I in e e

I I

V I
m V

θ

π
θ θ θ

π π π

δ
π θ θ

θ
π θ

− Ω

− Ω

=−∞ −

−

Ω Ω
= =

⎞∂
= − − =⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

∂⎛ ⎞∂ ∂
= − − =⎜ ⎟∂ ∂ ∂⎝ ⎠

∂
= +

∫ ∫

∑∫

/2 2
im ip tdt d L t e e

π
θθ − Ω =∫

/2 /2 0

/2 2

T T

T V I V I
dt d

π θ θ
θ

− −

+∞ ∂ ∂⎛ ∂
−∑ ∫ ∫

I∂ m I− ∂⎝ ⎠
Aanalogiurad: 

⎛ ⎞∂
⎜ ⎟

      (1.124) 

( ) ( )

( ) ( )

/2 2

1 1 1
/2

1ˆ ˆ0 0
2 2

T T
ip t im ip t

p
T T

m L m L e e L t e
π

θθ
π π

Ω − Ω
−

Ω Ω
∫ ∫

( )

( ) ( )( ) ( )

/2 0

2

0

1
2

k T

im in inn
n m

n

V I
i d e e V I in e mV I

I

π
θ θ θθ

π θ

=−∞ −

−

⎝ ⎠
∂⎛ ⎞∂ ∂ ∂

= − − = −⎜ ⎟∂ ∂ ∂⎝ ⎠
∑∫

/2

/2 0

/2 2

2

, ,
2 2

T
im ip

t dt d

V I V IT t d e e
I I

I

π
θ

π

θ θ
θ δ

π π θ θ

− −

+∞
− Ω

= = =

∂ ∂⎛ ⎞Ω ∂ ∂
−⎜ ⎟∂ ∂ ∂ ∂

∫

∑ ∫ ∫ ti d t kT= − − =

I
=

∂

  (1.125)  

( ) .mmV I
I
∂

= −
∂

(1.124) da (1.125) gamosaxulebebis gaer
 

TianebiT miviRebT: 

( ) ( )2
1 1

22

0 0 m
p p m m

m

V I
L m m L m V V I

I I I

m V
I I

−
− −

⎛ ⎞∂ ∂ ⎛ ∂ ⎞= − + ⋅ =⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ⎠⎝ ⎠
∂ ∂⎛ ⎞= − ⎜ ⎟∂ ∂⎝ ⎠

               (1.126) 

 
 
(1.126)-is (1.122)-Si Casma mogvcems: 

⎝

22
22F ε∂ ∂

= ∑∑ 2 2
0 0

(1/ )
.

(1/ ) ( )
c m

m p c

m V F
t I m p I

τ
τ ω> >

∂
∂ ∂ + − Ω ∂

                             (1.127) 

sabolood vRebulobT Semdegi saxis kinetikur gantolebas: 
 

( ) .F FD I
t I I

∂ ∂ ∂
=

∂ ∂ ∂
                                                  (1.128) 

sadac:  
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( )
22

2
2 2

0 0

(1/ )
2

(1/ ) ( )
c m

m p c

m V
D I

m p
τ

ε
τ ω> >

=
+ − Ω∑∑                                                                  (1.129) 

Kkoeficients difuziis koeficienti ewodeba. 

roca , maSin 2 2

(1/ ) ( )
(1/ ) ( )

c

c

m p
m p
τ π δ ω

τ ω
→ −

+ − Ω
, 1 0

cτ
→

Ω
Ω

maSin vRebulobT: 
22

2
2 2

0 0

2 22 2 2
2 2

0

(1/ )
2

(1/ ) ( )

( )
2

c m

m p c

m m
22

m

m m

m V
m p

m V m V m V
dp m p

τ
ε π

τ ω

ε πε π δ ω ε π

> >

>

=
+ − Ω

= Ω⋅ − Ω = =
Ω Ω Ω

∑∑

∑ ∑ ∑∫
              (1.130) 

Aamrigad difuziis koeficienti iRebs saxes: 
m

( )
222

2
m

m

m V
D I πε

=
Ω∑                                                  (1.131) 

magaliTad rodesac potenciali ( )0
0 cos

2
i iVV V e eθ θθ −= = + , maSin 

0
1 1 2

VV V− = =  da difuziis koeficienti miiRebs saxes: ( )
2 2

0

4
VD I πε

=
Ω

. 

(1.128) kinetikuri gantolebis amoxsna zogadad SeuZlebelia. Mmagram 
kerZo SemTxvevebSi SesaZlebelia vipovoT stacionaruli ganawilebis 

i asaxvisaTvis: 

n

funqcia anda gamovikvlioT  ganawilebis funqciis momentebi. 
Bbolos moviyvanoT ricxviTi eqsperimentebi standartul

 
1 1

1 sin
n n n

n n

I
I I K
θ θ

θ
+ +

+

= +⎧
⎨ = −⎩

                                                   (1.132) 

sistemis fazuri portreti sxvadasxva -s dros  
roca , moZraobas aqvs regularuli xasiaTi. -s gazrdis 
sistemaSi xdeba jeradi rezonansebis gaCena. rodesac  xdeba 
mTavari separatrisis daSla da mis adgilas stoxasturi fenis gaCena. 

zrdiT xdeba rezonansebis gadafarva da warmoiqmneba 
st
 
 
 
 
 

K  moyvanilia nax.1.18-ze.
0.1K =

-s kidev ufro ga

K
K 0.9=

K
oxasturi zRva. 
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                  a)                                       b) 

 
                 g)                                   d) 
ax. 1.18 a) standartuli asaxvis fazuri portreti roca . 
ogorc am suraTidan Cans sistemaSi SesaZlebelia ori tipis moZraoba 
xeviTi da brunviTi, romlebic erTmaneTisagan aris gayofilni 
paratrisiT. 

0.1K =Nn
Ar
r

 0,2 ,4 ...θ π π=
bs , xolo  

se  wertilebi warmoadgenen hiperboluri tipis 

rav wertile ,3 ...θ π π=uZ   wertilebi warmoadgenen elifsuri 
tipis uZra ul asaxvis fazuri portreti roca 

. Aam dros sistemaSi xdeba rezonansebi gaCena rac gamoixateba 
naxazze axali hiperboluri da elifsuri tipis wertilebis gaCeniT. 
g) standartul asaxvis fazuri portreti roca 

v wertilebs. Ab) standart
0.6K =

0.9K = . Aam dros mTavari 
saparatrisa daSlilia da mis adgilas warmoiqmna stoxasturi fena. 
MmTavari stoxasturi fenis SigniT gvaqvs invariantuli mrudebi 
romlebic ganlagdebian elifsuri tipis uZravi wertilebis garSemo, 
xolo mis gareT gvaqvs separatrisuli ujredebis simravle ufro viwro 
stoxasturi fenebiT. sxvadasxva stoxasturi fenebi erTmaneTisagan arian  
gancalebulni invariantuli mrudebiT kam-Teoriis Tanaxmad. 
d)  standartul asaxvis fazuri portreti roca 1.2K = . Aam dros xdeba 
rezonansebis gadafarva da warmoiqmneba egreT wodebuli stoxasturi 

ur zRvaSi.  
 

 
 

 

zRva. Nnaxazze kargad Cans mdgradobis kunZulebi stoxast   
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2.  Tavi qaosi arawrfiv bloxis sistemaSi [42] 
 

Bbolo wlebSi mimdinareobs arawrfivi efeqtebis kvleva birTvuli 
magnituri momentebis sistemaSi, ganpirobebuli rezonatoris (rxeviTi 
konturis) zemoqmedebiT birTvuli damagnitebis dinamikaze [43-46]. 
davuSvaT nimuSi moTavsebuli gvaqvs rxeviT konturSi. birTvuli 
damagnitebis precesiis gamo rxeviT konturs  ganWolavs cvladi 
magnituri nakadi. Mmagnituri induqciis kanonis Tanaxmad es iwvevs 
induqciuri magnituri velis    gaCenas, romelic Tavis mxriv, moqmedebs 
birTvuli damagnitebis dinamikaze. rxeviT konturebSi aseTi ukukavSiris 
Sesaxeb detalurad aris aRwerili monigrafiebSi [47-48]. AaseTi 
ukukavSiris gamo, gantolebebi romlebic aRweren birTvuli damagnitebis 
dinamikas (bloxis gantolebebi) aris arawrfivi. Aarawrfivoba Tavis 
mxriv SeiZleba gaxdes dinamiuri qaosis gaCenis mizezi [3,12, 29-30] 
birTvul spinur sisitemaSi. Aadre Seswavlili iyo birTvuli spinuri 
eqos gaZliereba magnetikebSi [49], birTvuli magnituri momentebis 
radiosixSiruli zegamosxiveba gamowveuli rezonatoruli efeqtebiT [50-
52]. 
 Cvens mier Seswavlili iyo birTvuli damagnitebis dinamika, rodesac 
sistemaze erTdoulad moqmedebs Z   RerZis gaswvriv mimarTuli mudmivi 
magnituri veli, X  RerZis gaswvriv mimarTuli radiosixSiruli (rs) 

veli  ω  sixSiriT da  amplitudiT da TviTon 1H M
G
 damagnitebis mier 

Seqmnili veli i
M

n

MH e ϕη
γ

+

=  [53]. Aaq  ,x yM M i+ = + M  nγ  giromagnituri 

Tanafardobaa birTvebisaTvis, ϕ  damagnitebis mier aRZruli velis fazaa, 
η - rxeviTi konturis parametrebiT gansazRvruli koeficientia: 

02 n
L
R

η π γ= ωη , sadac -koWis induqtivobaa, L R -winaRoba, 0
s

C

A
A

η =  nimuSis 

mier koWis Sevsebis koeficientia, sA  nimuSis  kveTis farTobia,  koWis 

kveTis farTobi. 
CA

 Aam yvelafris gaTvaliswinebiT, bloxis gantolebebs [54],  
romlebic aRweren birTvuli damagnitebis dinamikas aqvs Semdegi saxe: 

    

( )

( )

( )

2

1
2

2 2 0
1

1

sin cos

cos sin

sin

x
x y z x y

y
y x z z x y

z
z y x y

MM M M M M
T

M
M M M M M M

T
M MM m M M

T

δ η ϕ ϕ

δ ω η ϕ ϕ

ω η ϕ

⎧ = + − −⎪
⎪
⎪

= − − + + −⎨
⎪
⎪ −

= − − + −⎪
⎩

�

�

�

           (2.1) 

sadac 0δ ω ω= − aris birTvuli magnitur rezonansis (bmr) sixSiresa da 

cvladi radiosixSiruli velis sixSires ω  Soris sxvaoba ,  da  

birTvuli damagnitebis gaswvrivi da ganivi mdgenelebis relaqsaciis 

droebia, 

1T 2T

1 H1 nω γ= - radiosixSiruli velis amplitudaa sixSirul 

erTeulebSi. 
gadavideT uganzomilebo cvladebze: 

0
1 1,2

1 1

, , ,Mt t T T1 1,2 1,2
η δω γ δ ω
ω ω

→ = → → →Γ  
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( )0
0 0 0

, , ,yx z
x y z

MM MM x M y M z M M
M M M

→ = → = → = = 0
G

 

Aaxal cvladebSi (2.1) gantolebaTa sistema miiRebs Semdeg saxes:   

2 2

( )

(

1 ( )

xx y z x y

y )y x z z x

zz y x y

δ γ α β

yδ γ β α

γα

⎧ = + − −⎪ Γ⎪
⎪ = − − − + +⎨ Γ⎪
⎪ = − + − +⎪ Γ Γ⎩

�

�

�

                               (2.2) 

sadac Semotanilia aRniSvna sinα ϕ= , cosβ ϕ= . Ggarda amisa gakeTebulia 
daSveba rom ganivi da gaswvrivi relaqsaciis droebi erTi da igive rigis 

sidideebia . aseTi daSveba samarTliania siTxeebisaTvis. 1 2Γ ≅ Γ ≡ Γ
(2.2) gantolebaTa sistemis analizisaTvis Cven ganvixileT susti da 

Zlieri arawrfivobis SemTxveva da vaCveneT rom arsebobs koeficienti cγ  

romelic sistemis parametrebzea damokidebuli. roca cγ γ<  gvaqvs susti 

arawrfivoba da (2.2) sistema SegviZlia amovxsnaT analizurad 
SeSfoTebis Teoriis gamoyenebiT. miRebuli amonaxsnebi  karg 
TanxvedraSi arian (2.2)  sistemis ricxviT amonaxsnebTan. Mmeore zRvrul 

SemTxvevaSi roca cγ γ>  sistemaSi SeiZleba warmoiqmnas dinamiuri qaosi 

da gaCndes ucnauri atraqtori. 
GganvixiloT jer susti arawrfivobis SemTxveva . imisaTvis rom 
gamoviyenoT SeSfoTebis Teoria (2.2) sistemisaTvis es sistema unda 
daviyvanoT kanonikur saxeze [55]. 
Tu gamoviyenebT standartul meTodebs [56], SeiZleba imis Cveneba,  rom 
gardaqmnas, romelsac (2.2) sistema dahyavs kanonikur saxeze aqvs Semdegi 
saxe:   

1

1

1

2 2
2
1

x x z
y y

z x z

δ
λ

δ

⎧
⎪ = +
⎪

= −⎨
⎪
⎪ = − +
⎩

                                           (2.3) 

sadac 21λ δ= +  
 
(2.2) gantolebebi (2.3) axal cvladebSi iReben Semdeg saxes: 

3 2 2
2 2

1 1 1 1 1 1 1 1 1 1 13 3 2 2 2

3 3 2
2 21

1 1 1 1 1 1 1 1 1 1 1 13 3 3 3 2 2

2 21
1 1 1 1 1 1 1 1 13 3 2 2 2

1 2
2 2

2
2 2

1
4 2 4 4 2

x x y x y y z y x z z

yy x x x z x z z x y y

zz x y y z x y x z

βγδ βγδ αγ αγδ αγδλ
λ λ λ λ λ

βγδ βγδ βγδ βγδ αγ αγδλ
λ λ λ λ λ λ

βγ βγδ αγ γα γα
δλ λ λ λ λ

= − − + + − + −
Γ

= − − + − + + +
Γ

= − − − − − + +
Γ

�

�

�

z

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪ Γ⎩

  (2.4) 

aq  21 δλ +=  
Tu ugulebelvyofT relaqsaciur procesebs (Oe.i. ganvixilavT (2.4) 
gantolebaTa sistemis amoxsnebs drois SualedebSi, romlebic naklebia 

relaqsaciis droebze 1,2t T< ), maSin SeiZleba miviRoT perioduli 

amoxsnebi. 
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SemoviRoT amisaTvis axali droiTi masStabi: 

2 3
2 3(1 ...)t h c h cτ

λ
= + + +                      (2.5) 

sadac  koeficientebi ganisazRvrebian (2.4) gantolebaTa sistemis 

amonaxsnis  periodulobidan [55]: 
kh

( ) ( ) ( ) ( ) ( ) ( ){
2

1 1 1
0

1 sin cos
2

k k
kh x y

π

}dτ τ τ τ
πλ− = −∫ τ                           (2.6)  

Aamonaxsnebi  (2.4) sistemisa veZeboT Semdegi mwkrivis saxiT: 

                                     (2.7) 

( )
1 1

1

( )
1 1

1

( )
1 1

1

k k

k

k k

k

k k

k

x c x

y c y

z c z

∞

=

∞

=

∞

=

=

=

=

∑

∑

∑
Tu CavsvavT (2.5)-s da (2.6)-s  (2.4) gantolebaTa sistemaSi da gamoviyenebT 
amonaxsnebis periodulobis (2.6) pirobas, maSin miviRebT SeSfoTebis 
pirvel meore da mesame rigSi (2.2) gantolebaTa sistemis  Semdeg 

amonaxsnebs, 1 1, 0x c y ,= =  1 1(0) (2 )z z π=  sawyisi pirobebiT: 

  

2
)1()1(

2
)1(

2
)cos()(,

2
)sin(,

2
)cos()(

λ
ττ

λ
τ

λ
τδτ =−== zyx                                             (2.8) 

 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

+−+−
=

−−
−=

+−+−
=

,
16

))sin)1(cos(sin42cos()(

,
4

)sincoscoscos()(

,
16

))sin)1(cos(sin42cos()(

6

2
)2(

5

2
)2(

6
)2(

λ
τβδταλττβδγτ

λ
ττβγδταγλταγλτ

λ

τβδταλττβγδτ

z

y

x

                              (2.9) 
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( ) ( )
2 2 2 2 2 2 2 3 2 2 4 2 2 2 2

3
10 10 10 10 8 8

2 2 2 2 2 2 2 3 2 2 4 2 2

10 10 10 10 8

2 2 2 2 2 3

9 9 9

9 3 cos
16 512 32 256 32 8

11 cos3
48 153 32 256 32

3
4 64 16 1

x cos 2β γ δ β γ δ β γ δ β γ δ α γ δ α γ ττ τ
λ λ λ λ λ λ

β γ δ β γ δ β γ δ β γ δ α γ δ τ
λ λ λ λ λ

αβγ αβγ δ αβγ δ αβγ δ
λ λ λ

⎛ ⎞
= − + − + − + +⎜ ⎟
⎝ ⎠

⎛ ⎞
− + − − +⎜ ⎟

⎝ ⎠

+ − − − −

( ) ( )

9

2 2 2 2 2 2 2 2 3

9 9 9 9 9 9

2 2 2 2 2 2 2 2
3

8 8 8 8 8

2 2

9

sin
28

3sin 2 sin 3
16 8 48 192 16 128

cos 2cos cos3
16 128 8 16 128

13
512

y

τ
λ

αβγ αβγ δ αβγ αβγ αβγ δ αβγ δτ τ
λ λ λ λ λ λ

αβγ δ αβγ δ α γ τ αβγ δ αβγ δτ τ τ
λ λ λ λ λ

β γ δ β
λ

⎛ ⎞
+⎜ ⎟

⎝ ⎠
⎛ ⎞ ⎛ ⎞

+ + + − − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞
= − − − + − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

+ − +

( ) ( )

2 2 2 2 2 3 2 2 2 2

9 9 7 7

2 2 2 2 2 2 2 3 2 2

9 9 9 7

2 2 2 2 2 2 2 3 2 2 2 2
3

10 10 10 8 8

2 2 2 2

10

7 sin sin 2
32 256 32 8

3 sin 3
512 32 256 32

3 3 cos 2cos
16 32 256 32 8

512

z

γ δ β γ δ α γ α γτ τ
λ λ λ λ

β γ δ β γ δ β γ δ α γ τ
λ λ λ λ

β γ δ β γ δ β γ δ α γ α γ ττ τ
λ λ λ λ λ

β γ δ β γ
λ

⎛ ⎞
+ + − +⎜ ⎟

⎝ ⎠
⎛ ⎞

− − +⎜ ⎟
⎝ ⎠

⎛ ⎞
= + − − + +⎜ ⎟
⎝ ⎠

− +
2 2 2 3 2 2 2 2 2

10 10 8 9 9

2 2 2 2 2

9 9 9 9

7cos3 sin
96 768 32 48 192

5sin 2 sin 2 sin cos 2
16 16 18 192

δ β γ δ α γ αβγ δ αβγ δτ τ
λ λ λ λ λ

αβγ δ αβγ δ αβγ δ αβγ δτ τ τ τ
λ λ λ λ

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎛ ⎞ ⎛⎪ + − + + +⎜ ⎟ ⎜⎪⎝ ⎠ ⎝⎪
⎪ ⎛ ⎞
+ + + − +⎪ ⎜ ⎟

⎝ ⎠⎩

⎞
⎟
⎠

(2.10) 

SevudgeT miRebuli gantolebebis analizs. Tu gaviTvaliswinebT imas 

rom, 21λ δ= + > δ  da 1≤α , 1≤β  SeSfoTebis Teoriis gamoyenebis piroba 

miiRebs Semdeg saxes: 
(2) (2) (2)

max max max
3(1) (1) (1)

max max max

( ) ( ) ( ) 5~ ~ 1,
4( ) ( ) ( )

x y z

x y z

τ τ τ γ
λτ τ τ

< <       (2.11a) 

               .1
5
4

)(

)(
~

)(

)(
~

)(

)(
2

max

)2(
max

)3(

max

)2(
max

)3(

max

)2(
max

)3(

<<
λ
γ

τ

τ

τ

τ

τ

τ

z

z

y

y

x

x
                                    (2.11b) 

Tu gaviTvaliswinebT imas rom 
1

0

ω
η

γ
M

=  da ,
1

0

ω
ωω

δ
−

=  (2.11) formulebis 

daxmarebiT SegviZlia miviRoT kritikuli mniSvneloba: 

                                  Cγ = .1
4
5

2

1

0

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+

ω
ωω

                                                             (2.12) 

rogorc (2.12) formulidan Cans arawrfivobis parametris kritikuli 

mniSvneloba calsaxad ganisazRvreba 0ω ω−  sxvaobiT da cvladi velis 

amplitudiT. Aam parametrebis varirebiT SegviZlia mivaRwioT gadasvlas 
birTvuli damagnitebis regularuli dinamikidan: 

                                          Cγ γ< , 
( )

0
1

2
0

1 5
4 Mη

ω
ωω

ω >
−

+                                    (2.13)                            

Qqaosuri dinamikis areSi:  
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Cγ γ> , 
( )

.
5
4

0
1

2
0

1 Mη
ω
ωω

ω <
−

+                                                                             (2.14) 

(2.14) utolobidan martivi gardaqmnebis Semdeg miviRebT: 

                    222 )2()()2( MM ηωωηω <−+−                             (2.15) 0001 55
Ees utoloba gansazRvravs 1ω  da ω  parametrebis im mniSvnelobebs sadac 

unda velodoT dinamiuri qaosis gamovlinebas. 1ω  da ω -Tvis es are 

warmoadgens wres (nax.2.1) 

 
( )1;ω ωNnax. 2.1 Zlieri anharmonizmis are  parametrebis sibrtyeSi 

warmodgenilia 02 / 5Mη  radiusis wriT, romlis centri ganlagebulia 

wertilSi ( )2 M 0 0/ 5;η ω . daSrtixuli are gansazRvravs cvladi velis 

parametrebis im mniSvnelobebs romlis drosac SesaZlebelia qaosis 
gamovlineba. Ggrafiki agebulia (2.15) formulis Tanaxmad parametrebis 

Semdegi mniSvnelobebisaTvis 6
0 10Mη =  hc da 8

0 10ω =  hc. 

0

1

Mηγ
ω

=miRebuli Sedegi saWiroebs axsnas. Tu gavixsenebT, rom , SeiZleba 

vifiqroT, rom cvladi velis amplitudis 1ω  SemcirebiT SegviZlia 

mivaRwioT γ -s mniSvnelobis gazrdas da amrigad dinamiuri qaosis 

warmoqmnisaTvis saWiro pirobebis Seqmnas. Mmeores mxriv Tu ar gveqneba 
cvladi veli araviTar qaosze laparakic ar SeiZleba. Aam Seusabamobaze 
pasuxi aris is, rom cvladi velis amplitudis ubralo SemcirebiT 

SeuZlebelia mivaRwioT Cγ γ>  pirobis Sesrulebas ( 1ω  SemcirebiT 

izrdeba Cγ  formula (2.12) osis misaRwevad saWiroa cvladi velis 

parametrebis iseTi SerCeva, romelic uzrunvelyofs nax.2.1 daStrixul 
areSi moxvedras. 

(2.15)  pirob

). Qqa

a warmoadgens qaosis aRZvris aucilebel magram ara 
sakmaris pirobas. γ -s ufro zusti mniSvnelobebi, romlis drosac 
sistemaSi warmoiqmneba qaosi, SeiZleba ganisazRvros mxolod ricxviTi 
meTodebis gamoyenebiT. 

(2.13) piroba adebs gansaxilveli amocanis fizikur parametrebs 

garkveul pirobebs. Tu gamoviyenebT Sefasebas  hc [53], rs velis 

amplitudisaTvis da bmr da rs sixSireebis sxvaobisaTvis miviRebT: 

6
0 10Mη ∼
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                5
1 3.3 10ω = ⋅  hc, 6

0 0.47 10ω ω− > ⋅ hc     (2.16) 

(2.16) pirobis Sesrulebis dros e.i. rs velis amplitudisa da mbr da rs 
sixSireebis sxvaobis didi mniSvnelobis dros  birTvuli damagnitebis  
siste eba re ruli, perio aoba. Aamas 

 

maSi xorcield gula duli moZr
adasturebs isic rom Cvens mier miRebuli analizuri amoxsnebi kargad 
emTxveva (2..2)  sistemis ricxviTi integrirebisas miRebul Sedegebs
(nax.2.2) 
 

 
 
 
Nnax. 2.2. birTuli damagnitebis ganivi mdgenelis droze damokidebulebis 

afiki. grafiki miRebulia (2.8-2.10) formulebis gamoyenebiT da (2.2) 
ntolebaTa sistemis ricxviTi integrirebiT parametrebis Semdegi 

gr
ga

mniSvnelobebis dros: 8
0 10ω =  hc, 6

1 1.1 10ω = ⋅  hc, 1.26δ = , 6
0 10Mη = hc, 1c = , 

2
2

α β= = , 3.23Cγ = , 0.9γ = . uwyveti xazi Seesabameba analizur amoxsnas  

romelic miRebuli SeSfo Teo Sia Tebis riis mesame rig : 

( ) ( ) ( ) ( ) ( ) ( ) ( )31 2
3x t x t x t x= + t+ . wyvetili xazi miRebulia (2.2) sistemis 

ricxviTi integrirebis Sedegad relaqsaciuri procesebis 

programuli paketis gamo

is mniSvnelobebs 2.8-2.10 amoxsnebSi 

cvladi velis amplitudis SemcirebiT 

gaTvaliswinebis gareSe. ricxviTi Sedegebi  miRebulia MatLab 7.0 
yenebiT. 

 rogorc nax.2.2-dan Cans birTvuli damagnitebis ganivi komponentis 
droze damokidebuleba atarebs harmoniul xasiaTs. marTlac, Tu 
CavsvavT mocemul  parametreb
davinaxavT rom jeradi sixSireebis koefivientebi mcirea: 

.)(sin01.0)sin()2cos(0003.0
)2sin(01.0)sin(02.0)5.0(sin)cos()5.0cos(007.0

)5.0(sin)5.0cos(001.0)3cos(0001.0)2cos(001.0)cos(24.0~)(

2

3

3
3

τττ

τττττ

ττττττ

⋅+⋅⋅−

−⋅+⋅−⋅⋅⋅+

+⋅⋅−⋅−⋅−⋅x

 (2.17)   

5
1 1.4 10ω = ⋅ hc, situacia icvleba 

maRali harmonikebis roli xdeba mniSvnelovani: 
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),(sin11.0)sin()2cos(01.0
)2sin(09.0)sin(24.0)5.0(sin)cos()5.0cos(45.0

)5.0(sin)5.0cos(08.0)3cos(07.0)2cos(06.0)cos(16.0~)(

2

3

3
3

τττ

τττττ

ττττττ

⋅+⋅⋅−

−⋅+⋅−⋅⋅⋅+

+⋅⋅−⋅−⋅−⋅x

       (2.18) 

Damitom amonaxsnis droze damokidebvulebas aqvs poliqromatuli 
xasiaTi (nax.2.3). 

 
Nnax. 2.3. birTuli damagnitebis ganivi mdgenelis droze damokidebulebis 
grafiki. grafiki miRebulia (2.8-2.10) formulebis gamoyenebiT da (2.2) 
gantolebaTa sistemis ricxviTi integrirebiT parametrebis Semdegi 

mniSvnelobebis dros:  hc, 8
0 10ω = 5

1 1.42 10ω = ⋅  hc, 1.26δ = , hc, 6
0 10Mη = 1c = , 

2
2

α β= = , 3Cγ = , 7γ = . uwyveti xazi Seesabameba analizur amoxsnas  

romelic miRebulia SeSfoTebis Teoriis mesame rigSi: 

( ) ( ) ( ) ( ) ( ) ( ) ( )31 2
3x t x= +t x t x t+ . wyvetili xazi miRebulia (2.2) sistemis 

ricxviTi integrirebis Sedegad, relaqsaciuri procesebis 
gaTvaliswinebis gareSe. rogorc  naxazidan Cans anharoniulobis 
miuxedavad, rxevebs aqvs regularuli xasiaTi.   
 γ  parametris Semdgomi gazrdiT (es Sedegi miiRweva rs velis mcire 
amplitudebis dros) sistemaSi SeiZleba aRiZvras dinamiuri 
stoxastiuroba. sabolood saWiro xdeba gadavideT sistemis meqanikuri 
aRweridan stoqastiurze.  im procesebis aRsawerad romelic dinamiur 
sistemaSi xdeba, unda SemovitanoT statistikuri cnebebi- kolmogorovis 
entropia [30], ucnauri atraqtoris fraqtaluri ganzomileba [3, 11, 15, 17, 
18, 57-59]. es cnebebi, TavianTi gansazRvris Tanaxmad arian statistikurebi, 
isini mWidroT arian dakavSirebulni sistemis meqanikur 
maxasiaTeblebTan, konkretulad fazuri traeqtoriebis lokalur 
aramdgradobebTan. Cveni mizania sistemis fizikuri parametrebis 
gansazRvra romlis drosac (2.1) sistemaSi warmoiqmneba ucnauri 
atraqtori. rogorc ricxviTi gamoTvlebi gviCveneben   (nax.2.4-2.5) 

fizikuri parametrebis am mniSvnelobebs warmoadgens: hc, 

 hc,  hc, 

6
0 10Mη =

4
1 0ω 2.9 1= ⋅ 8

0 10ω = 1.26,δ = −   
4

1 1.72 10T −= ⋅  wm,  wm, 4
2 0.86 10T −= ⋅ 0.172,α =  0.98.β =  
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Nnax. 2.4 birTvuli damagnitebis gaswvrivi mdgenelis droze 
damokidebulebis grafiki, romelic miRebulia (2.2) gantolebaTa sistemis 
ricxviTi integrirebiT parametrebis im mniSvnelobebisaTvis romelic 
teqstSi aris moyvanili. rogorc naxazidan Cans, rxevas aqvs qaosuri 
xasiaTi.  
  

 
Nnax. 2.5 ucnauri araqtoris fazuri portreti. Ggrafiki miRebulia (2.2) 
gantolebaTa sistemis ricxviTi integrirebiT. Ggamuqebuli areebi 
Seesabameba, mimzidav wertilebs, romelTa arseboba ucnauri 
atraqtorisaTvis aris damaxasiaTebeli.  

Tumca ucnauri atraqtoris arseboba qaosis damadasturebeli erT-
erTi utyuari niSania, qaosis srulad dadasturebisaTvis saWiroa 
SeviswavloT amonaxsnis korelaciuri funqciis Tvisebebi. 

Kkolomogorovis entropiis gansasazRvravad visargebloT 
korelaciuri funqciis furie saxiT: 

( ) ( ) ( ) ,xG x t xτ τ τ= +  ( ) 21
i c

x x
c

G d G e ωτ ττ τ
ω τ

= =
+∫         (2.19) 

sadac ( ) ( )
0

1lim ...
T

T
dt

T→∞
= = ∫  aRniSnavs droiT saSualos, cτ -korelaciis 

droa romelic dakavSirebulia kolmogorovis entropiasTan 

Semdegnairad: 0 ~ 1/ ch τ .   (2.19)-is gamosaTvlelaT xelsayrelia 
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visargebloT swrafi furie gardaqmnis meTodiT [60]. rogorc gviCveneben 

ricxviTi gamoTvlebi korelaciis sigrZe tolia  wm-is. 

ricxviTi gamoTvlebis Sedegebi moyvanilia nax..2.6-ze. 

6~ 3 10cτ
−⋅

 

 
ωNnax.2.6 korelaciuri funqciis furies saxis  sixSireze 

damokidebulebis grafiki. is faqti rom korlaciuri funqciis furie 

saxes ( )G ω -s aqvs sasruli sigane,  damadasturebelia sistemaSi qaosis 

arsebobis. sxva sityvebiT rom vTqvaT, rxeviTi procesi ar xasiaTdeba 
mxolod erTi sixSiriT (periodiT). rxeviT procesSi CarTulia yvela 
sixSireebi (periodebi), romlebic ganlagebulni arian sasrul sixSirul 

intervalSi: ~ 1/ 3cδω τ =  megaherci.  

Fucanuri atraqtoris fraqtaluri ganzomilebis gansasazRvad 
visargebloT grasberger-prokaCias algoriTmiT [57-59]. 
 algoriTmis arsi mdgomareobs SemdegSi. DdavuSvaT MmoZraobis 
dinamikuri gantolebebis amoxsnebidan miviReT mdgomareobaTa veqtorebis 

krebuli { }, 1, 2...i iχ = N , romlebic miiRebian diferencialuri gantolebebis 

nabij-nabij ricxviTi integrirebisas. Tu SemovitanT raime mcire ε -s, 
SegviZlia gamoviyenoT miRebuli veqtorebis krebuli Semdegi jamis 
SefasebisaTvis: 

( ) ( ) ( )
, 1

1lim
1

N

i jN i j

C
N N

ε θ ε χ χ
→∞

=

= −
− ∑ −    (2.20) 

sadac θ - xevisaidis safexurovani funqciaa: 

( )
0, 0
1, 0

x
x

x
θ

<⎧
= ⎨ ≥⎩

                   (2.21) 

( )C εGgrasberger-prokaCias algoriTmis Tanaxmad, Tu viciT , SegviZlia 

gamovTvaloT ucnauri atraqtoris fraqtaluri ganzomileba: 

( )
0

lim
log
C

D
ε

ε
ε→

=                         (2.22) 

 Tu gamovTvliT ( )C ε -s ε -is saxvadasxva mniSvnelobebisaTvis, maSin 

SegviZlia avagoT ( )( )log C ε -is logε -ze damokidebulebis grafiki. 

Tu davuSvebT, rom  ( ) ~ DC ε ε , MmaSin mocemul grafiks eqneba wrfis saxe 

 kuTxuri koeficieniT. ricxviTi gamoTvlebis Sedegebi mocemulia   
nax. 2.7-ze. 
D
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Aamrigad SegviZlia vTqvaT rom, birTvuli damagnitebis Tavis TavTan  
urTierTqmedebas mivyavarT moZraobis gantolebebis arawrfivobamde, 
romelic SeiZleba gaxdes mizezi bloxis (2.1) sistemaSi dinamiuri 
stoxastiurobis gamovlinebisa. (2.15)-is Tanaxmad qaosis gamovlinebis 
aucilebel piroba ganisazRvreba rezonatoris da gare cvladi velis  
parametrebiT.. am parametrebis Sesabamisi arCeviT (Tu Sesruldeba 

rezonansis piroba 0~ω ω  da gare velis amplituda 1 ~ 0Mω η ) xdeba 

sistemis qaotizacia. Sedegad  birTvuli damagnitebis sistemaSi 
warmoiqmneba ucnauri atraqtori. atraqtoris fraqtaluri ganzomilebis 
gamoTvlili mniSvneloba ar warmoadgens mTel ricxvs, rac imaze 
metyvelebs rom sistemaSi gvaqvs qaosi.  
 

 
nax.2.7. ( )( )log C ε -is logε - damokidebulebis garfiki, romelic miRebulia 

(2.2) gantolebaTa sistemis integrirebiT parametrebis Semdegi 

mniSvnelobebisaTvis: hc, 6
0 10M =η 4

1 2.9 10ω = ⋅  hc,  hc, 8
0 10ω = 1.26δ = , 

 wm, T410−⋅1 1.72T = 4102 0.86 −= ⋅ wm, 0.172α = , 0.98β = , 3.23cγ = . Aam grafikidan 

SegviZlia gamovTvaloT atraqtoris fraqtaluri ganzomileba 

formuliT: ( )( ) ( )( ) ( ) ( )2ε2 1Cε ε 1ε−log log⎡= −⎣ / log⎤⎦ 2.22≈ 1D C ⎡ ⎤⎣ ⎦ , 0.1,ε =  2 0.11ε = . 
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3. Tavi erTgvarovani damagnitebis arawrfivi da stoqasturi 

dinamika Txel magnitur struqturebSi [61] 

damagnitebis arawfivi precesiuli dinamikis mimarT interesi aixsneba 

dinamiuri efeqtebis mravalgvarobiT, romlebic warmioqmneba rodesac 

spinur sistemaze moqmedebs maRalsixSiruli veli [62-64]. Aam dros 

SesaZlebelia miviRoT damagnitebis precesiis didi kuTxeebi da 

movaxdinoT dinamiuri qaosis realizacia. erT-erTi yvelaze xelsayreli 

obieqts sxvadasxva arawrfivi dinamiuri reJimis  gansaxorcieleblad da 

gamosakvlevad warmoadgens Txeli  magnituri firebi, romlebic 

gamoiyeneba Tanamedrove integralur sqemebSi. 

 Uukanasknel wlebSi informaciis matareblebisa da Caweris axal 

meTodebis gamogonebisa da  damuSavebasTan  dakavSirebiT Zalian 

aqtualuri gaxda Txeli magnituri firebis gadamagnitebis problemis 

Seswavla [64-69]. Aam dros  arawrfivi regularuli da stoxastiuri 

reJimis ZiriTadi Taviseburebebi SesaZlebelia gamovlindes  

erTgvarovnad damagnitebul struqturebSi. Ggarda amisa, arawrfivi 

reJimebis praqtikuli gamoyenebisas, rodesac mniSvnelovania sistemis 

reaqcia gare zemoqmedebaze, erTgvarovani damagnitebis precesiuli 

dinamika aris upiratesi.  

  rogorc cnobilia gare statikuri da maRalsixSiruli magnituri 

velebis urTierTperpendikularuli orientaciis  dros erTgvarovani 

precesia aris aramdgradi. Aarsebobs sul mcire ori meqanizmi energiis 

gadacemisa erTgvarovani precesiidan spinur talRebze [69]: 1) 

sammagnoniani – rodesac xdeba magnonis  0k =  talRuri veqtoriT daSla 

or magnonaT talRuri veqtorebiT: k  da k−  sixSiriT 0 / 2kω ω= , sadac 

0ω -erTgvarovani precesiis sixSirea. 2) oTxmagnoniani- romlis drosac 

ori magnonis nacvlad  talRuri veqtoriT warmoiqmneba ori magnoni 

talRuri veqtorebiT  da 

0k =

k k− , sixSiriT 0ω . rodesac maRalsixSiruli 

velis sixSire metia zRvrul mniSvnelobaze 0ω ω≥  zemoT aRniSnuli 

procesebi iwveven spin-talRur aramdgradobebs. sistemaSi SeiZleba 

gaCndes spinuri talRebi da moxdes erTgvarovani precesiis datumbvis 

energiis gadadineba   spinur talRebze. 
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  Ddamagnitebis erTgvarovani precesiis didi gadaxris kuTxeebis 

misaRebad aucilebelia Sesruldes piroba, romlis drosac  zemoT 

aRniSnuli aramdgradobebi sistemaSi ar warmoiqmneba. AaseTi piroba 

mdgomareobs imaSi, rom gare velis sixSire ar unda  aRematebodes ( )kω  

RreCos sixSiris minimalur mniSvnelobas spinuri talRebis speqtrSi, e.i. 

unda Seesabamebodes spin-talRuri “zonis” fskers [62]. es miiRweva Txel 

perpendikularulad damagnitebul firebSi firis sisqis SerCeviT [71]. 

Aamitomac  perpendikularulad damagnitebul firebSi rodesac gare 

velis sixSire 0ω ω≤  zemoT aRniSnuli meqanizmi energiis gadacemisa 

damagntebis erTgvarovani precesiidan spinur talRebze ar realizdeba. 

qvemoT CavTvliT rom es piroba yovelTvis sruldeba.  

Fferomagnitur nimuSebSi, magnituri velis formirebaSi gareSe mudmivi 

 velis  garda mniSvnelovani wvlili Seaqvs ganmagnitebis vels da 

magnituri anizotropiis vels 

0H

( )/A zH M Mβ= , sadac M   feromagnituri 

nimuSis damagnitebaa, zM  misi  mdgeneli.  RerZi mimarTulia 

damagnitebis mimarTulebis gaswvriv. radganac magnituri anizitropiis 

veli proporciulia damagnitebis  mdgenelis, amitomac damagnitebis 

veqtoris dinamikas aqvs arawrfivi xasiaTi.    

z

z

z

  Ddamagnitebis dinamika erTgvarovnad damagnitebul Txel firebSi 

zogadad aRiwereba landau-lifSicis gantolebebiT [69-75]. romelsac aqvs 

Semdegi saxe:  

[ ] [ [m m H m m Hγ γλ= × − × × ]]                (3.1) 

aq γ  giromagnituri Tanafardobaa, 
Mm
M

=  dayvanili damagnitebulobis  

veqtori, 
2 1m = ,  λ  fenomenologiuri mudmiva. rogorc wesi 1λ <<  amitom 

am gantolebis meore wevri bevrad mcirea pirvel wevrTan SedarebiT.  
landau-lifSicis gantolebebis amonaxsnebis kvlevas aqvs didi xnis 

istoria [74-75], magram am gantolebebis mimarT interesi kvlavac 
didia.saqme imaSia rom arawrfivobis gamo am gantolebebis amonaxsnebs 
gaaCniaT sxvadasxva fizikuri Tvisebebi: dawyebuli solitonuri tipis 
amoxsnebiT, damTavrebuli stoxasturi amoxsnebiT [69,75-78].  

davuSvaT  sistemaze moqmedebs 0H  mudmivi magnituri veli, romelic  

RerZis gaswvriv aris mimarTuli,  radiosixSiruli veli, romelic 

z
( )h t x  

RerZis gaswvriv aris mimarTuli. feromagnituri kristalis SigniT 
arsebobs magnituri anizotropiis veli, romelic,  rogorc zemoT 

avRniSneT aseve  RerZis gaswvriv aris mimarTuli. Aamrigad z H  veli 
SegviZlia warmovadginoT Semdegnairad: 
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0 ( )zH H m n h tβ= + + , aq 0 (0,0, )H = H  aris mudmivi magnituri veli, 

 aris radiosixSiruli veli da ( ) ( ( ),0,0)h t=h t zm nβ  aris magnituri 

anizotropiis veli, n  erTeulovani veqtoria  mimarTuli  RerZis 
gaswvriv.  

z

Yyovelive amis gaTvaliswinebiT (3.1) gantolebaTa sistema , ,x y z  
komponentebSi Semdegnairad gadaiwereba: 

0 0( ) ( ) ( (x y z x x z zm m H m h t m hm m H m ))γ β γλ γλ β= + + − + +        

0 0( ) ( ) ( (y x z z y x zm m H m m h t m hm m H m ))zγ β γ γλ β= − + + − + +       (3.2) 

0 0( ) ( ) ( (z z y z x zm H m m h t m hm m H m ))zγλ β γ γλ β= + − − + +  

  Tu gadavalT sferul koordinatebze cos( ), sin( ),x ym m m mθ θ⊥ ⊥= =  
2 2 2

x ym m m⊥ = + , ,  maSin (3.2) gantolebaTa sistema Semdegnairad 

gadaiwereba: 

2 2 1zm m⊥ + =

0cos( ) sin( ) ( cos( ) ( )),z zm h m h m hm m H mzγλ θ γ θ γλ θ β⊥ ⊥ ⊥= + − + +  

0( ) sin( ) cos( )z
z

h mH m h
m m

θ γ β γλ θ γ
⊥ ⊥

= − + − + θ

z z

,                (3.3) 

0 0sin( ) ( ) ( ( ))z z z xm m h H m m m h m H mγ θ γλ β γλ β⊥= − + + − + + .  

davuSvaT radiosixSiruli veli ara gvaqvs , maSin (3.3) 
gantolebaTa sistema xdeba integrebadi, amis sailustraciod gadavweroT 
is ase: 

( ) 0h t =

0( )z zm m m H m ,γλ β⊥ ⊥= − +  

0( zH mθ γ β= − + )

z

,                                        (3.4) 
2

0 0 0( ) ( ) (1 )(1 )(1 ).z z z z z zm H m m H m H m m mγλ β γλ β γλ α= + − + = + − +  

aq 
0

.
H
βα =  SemoviRoT uganzomilebo dro 0H tτ γ= , maSin -isTvis  

miviRebT : 

zm

(1 )(1 )(1 )
z

z z z

dm c
m m m

λτ
α

= +
+ − +∫ , aq  integrirebis mudmivia. Aam gantolebis 

integrebiT miviRebT transcedentul gantolebas -is mimarT: 

c

zs

2 0

1 1
( )2(1 ) 2(1 )1

1(1 ) (1 ) (1 )z z zm m m c e e
α

λ τ τλτα ααα
−

++ −−+ − + = = , 

aq  integrirebis mudmivia 1c 0
1e cλτ = . 

(3.4) sistemis meore da mesame gantoleba gavyoT erTmaneTze maSin 
miviRebT: 

1 1 1(
2 1 1z z

d
dm m m

)
z

θ
λ

= − +
− +

 saidanac vRebulobT rom: 

0
1 1ln

2 1
z

z

m
m

θ θ
λ

+
− = −

−
 aqedan 0( ( ))zm th λ θ θ= − − , 0θ  integrirebis mudmivia, xolo 

2

0

11
( )zm m

chλ θ θ⊥ = − =
−

 . 

amrigad (3.4) sistemis amoxsnas aqvs Semdegi saxe: 

2 0

1 1
( )2(1 ) 2(1 )1

1(1 ) (1 ) (1 )z z zm m m c e e
α

λ τ τλτα ααα
−

++ −−+ − + = = , 

0( ( ))zm th λ θ θ= − − ,                                     (3.5) 
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2

0

11
( )zm m

chλ θ θ⊥ = − =
−

. 

imisaTvis rom gaverkveT (3.5) amonaxsnebSi ganvixiloT zRvruli 
SemTxvevebi: 

1. 1α << , ese igi 0Hβ << , ar viTvaliswinebT magnitur anizotropias,  

sawyisi pirobebi avarCioT Semdegnairad: (0) 0, (0) 1, (0) 0,z x ym m m= = = maSin 

(3.6)-dan miviRebT 
1, ,zm th m

ch
λτ θ τ

λτ⊥= = − = . sabolood vRebulobT: 

,
cos ,

sin .

z

x

y

m th

m
ch

m
ch

λτ
τ
λτ

τ
λτ

⎧
⎪ =
⎪
⎪ =⎨
⎪
⎪ = −⎪⎩

                          (3.6) 

roca τ →∞ , maSin  ese igi adgili aqvs spinis 

relaqsacias 

1, 0, 0.z x ym m m→ → →
z  RerZis gaswvriv. 

2. 1α >> , ese igi 0Hβ >> , maSin (6) dan miviRebT: 

02 ( )1zm e λα τ τ− += ± −  ,                 (3.7) 
ese igi am SemTxvevaSic adgili aqvs spinis relaqsacias z  RerZis 
gaswvriv. 

(3.5) amonaxsns adgili aqvs maSin, roca 1α ≠ , roca 1α =  anu roca 0Hβ =  

maSin unda moxdes (3.4) gantolebaTa sistemis calke integrireba, 
integrirebis Sedegad miviRebT: 
 

0 0

0

0

1( ) 2 ( )
1

( ),
1 .

( )

z

z

m
m th

m
ch

λ θ θ λ τ τ

λ θ θ

λ θ θ⊥

⎧ − − + =⎪ +⎪⎪ = − −⎨
⎪
⎪ =

−⎪⎩

,

          (3.8) 

Aaq 0θ  da 0τ  integrebis mudmivebia.  

amrigad gare mudmivi magnituri veli da Sida anizotropiis veli xels 
uSlis damagnitebulobis gadaxras velis mimarTulebidan. 
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nax.3.1  da  is droze damokidebuleba, romelic miiReba  (3.4) 

gantolebaTa sistemis integrirebiT roca a) 

m⊥ zm
0.001λ =  da 200α = .  

aq sawyis pirobad aRebulia zeda mrudisaTvis  da qveda 

mrudisaTvis . Oori mrudi Seesabameba (3.7) amonaxsn  zm -is 

n ±  niSans, zeda + niSans qveda – niSa

(0) 0.01zm =
(0) 0.01zm = − Si

wi ns. 

b) 0.001λ = ,  0.01α = Aaq sawyis pirobad aRebulia   (0) 0.zm =
Aamrigad rodesac sistemze moqmedebs monoqromatuli veli, mas ar 
SeuZlia gamoiwvios damagnitebulobis sagrZnobi gadaxra.  
 qvemoT naCvenebi iqneba,  rom  anizotropiis veli, romelic xels uSlis 
damagnitebulobis gadaxras, sistemis maRali sixSiris perioduli 
impulsebiT datumbvisas, is piriqiT xels uwyobs didi gadaxrebis 
miRebas. 
Ddamagnitebulobis didi gadaxrebis misaRebad Cveni azriT xelsayrelia 
visargebloT stoxasturi gajerebis meTodiT, romlis arsi mdgomareobs 
SemdegSi.  davuSvaT gvaqvs maRali sixSiris impulsebi seria (nax.3.2):  

1( ) 2 cos( ) ( )h t h t F tλ ω= ,  sadac h ⊥ z 12 hλ  da ω  maRali sixSiris velis   

amplituda da sixSirea, ( )
n

+∞

=−∞

tF t f
T

n⎛ ⎞= −⎜ ⎟
⎝ ⎠

∑ , 
tf n
T
⎛ ⎞−⎜
⎝ ⎠

⎟  gansazRvravs 

impulsebis formas romelic moqmedebs sistemaze. Tu 
t tf n n
T T

δ⎛ ⎞ ⎛ ⎞− = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

, 

maSin: (( ) tF t t Tn
T

δ
+∞

=−∞ −∞

= − =∑ ∑ )−
n n

n Tδ
+∞

=

⎛ ⎞
⎜ ⎟
⎝ ⎠

, ese igi gvaqvs biZgebi romlebic 

moqmedebs sistemaze T  drois intervaliT. gavSaloT  furie 
mwkrivad: 

( )F t

( ) ik t

k
F t e

+∞
Ω

=−∞

= ∑ , sadac 
2
T
π

Ω = . Aaqedan . 1( ) 2 cos ik t

k
h t h t eλ ω

+∞
Ω

=−∞

= ∑
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                  a)                                                                    b) 
 
nax.3.2 a) sworkuTxa impulsebis seria. b) sworkuTxa impulsebis 
perioduli seriis furie gaSlis ekvidistanturi speqtri. 
rodesac sistemaze moqmedebs aseTi formis impulsebi maSin sistemis 
parametrebis SerCeviT SeiZleba miviRoT gadaxris didi kuTxeebi 
damagnitebis vetorisaTvis. marTlac imis gamo perioduli impulsebis 
seriis speqtrSi gvaqvs bevri harmonikebi, romlebic jeradia Ω  sixSiris, 
moZraobis arawrfivobis gamo SeiZleba warmoiqmnas rezonansebis 
gadafarvis efeqti [30].  am dros damagnitebulobas ar SeuZlia gaCerdes 
erTi romelime harmonikis rezonansis midamoSi, aramed daexeteba 
sxvadasxva harmonikebis rezonansebze da Sedegad sisatemaze impulsebis 
seriis moqmedebis ganmavlobaSi sistema gamudmebiT STanTqavs energias 
[30]. 
stoxasturi gajerebis meTodi adre gamoyenebuli iyo magnturad 
mowesrigebuli kristalebis birTvul magnitur rezonansSi sixSiris 
didi dinamiuri wanacvlebiT [79-82]. 
Llandau- lifSicis gantolebebi damagnitebisaTvis mbrunav koordinatTa 
sistemaSi Caiwereba Semdegnairad 

( ) ( )( )

( ) ( )

2
1, 1

,
;

z
z z

z
z

dm m V t m m
dt

V td mm
dt m

θ λω

θθ ω
θ

⊥

⊥

⎧ = + −⎪⎪
⎨ ∂⎪ = − − ⋅
⎪ ∂⎩

;
                                 (3.9) 

sadac ( ) 1, sin
n

tV t f n
T

θ ω ϕ
+∞

=−∞

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

∑ ,  Mm
M

= , ( ) 0z pm mzω ω ω ω= − − , 

21 zm m⊥ = − , 1 hω γ= , pω γβ= , 1 0 p zmω ω ω= + . 

sadac θ  damagnitebis ganivi mdgenelis brunvis fazaa.   

Tu CavTvliT, rom ipulsebs aqvT  δ  funqciis forma  ( ) 2zmω τ π<< , (τ - 

TiToeuli impulsis 
tf n
T
⎛ ⎞−⎜
⎝ ⎠

⎟  xangrZlivobaa), da gare cvladi veli 

mcirea 1 1Tω <<  1 1 T
τω ω⎛ ⎞=⎜

⎝ ⎠
⎟ , rogorc naCvenebia  SromebSi [79-82] 

stoxasturobis parametris mniSvnelobisaTvis 2
1 1pK T ωω≈ >>

0t t>> =

, im rigis 

droebisaTvis  romlebic akmayofileben pirobas , 2 / lnT K m  

damagnitebulobis veqtoris  moZraoba xdeba SemTxveviTi da aRiwereba 

ganawilebis funqciiT  ( ),zF s t , romelic akmayofilebs garkveuli tipis 

gantolebas, kerZoT foker-plankis gantolebas. 
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2 2
1( ( ) ) .z

z z

F Fm m F D m
t m m

λ ω ⊥ ⊥
∂ ∂ ∂ ∂

= − +
∂ ∂ ∂ ∂ zm

                      (3.10) 

sadac 
2
1

4
TD ω

=  difuziis koeficientia. Ggadasvla dinamiuri aRweridan 

statistikurze xdeba zaslavskis meTodiT [29-30], es meTodi ganxiluli 
iyo SesavalSi da amitom masze aRar SevCerdiT da moviyvanT saboloo 
Sedegs. 

Tu (3.10) gantolebas gavamravlebT damagnitebulobis z  komponentze  
da gavaintegrirebT -1-dan +1-mde, miviRebT gaswvrivi damagnitebulobis 
saSualo mniSvnelobisaTvis Semdeg moZraobis gantolebas: 

( 2
0

0

2 1 1pz
z z

dm Dm m m
dt

ω
λω

ω
⎛ ⎞

= − + + −⎜ ⎟
⎝ ⎠

)z                         (3.11) 

(3.11) gantolebis analizisaTvis sakmarisia SemovisazRvroT 

0pω ω< SemTxveviT, radgan es SemTxveva Seesabameba relur fizikur 

situacias. Tu gaviTvaliswinebT pirobas 0pω ω<  da 1zm < , maSin advili 

dasanaxia rom, 
0

p
zm

ω
ω

 wevri bevrad naklebia erTze da (3.11) gantolebis 

marjvena mxares is SegviZlia ugulebelvyoT. 
  aRniSnuli daSvebis gaTvaliswinebiT (3.11) gantoleba iRebs ufro 
martiv saxes : 

( ) ( 2
02 1z

z z
dm )zf m Dm m
dt

λω= = − + −                          (3.12) 

(3.12) gantolebis stacionarul wertilebs warmoadgens: 

( )
2

1
0 0

1z
D Dm
λω λω

⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟= + −⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

,  ( )
2

2
0 0

1z
D Dm
λω λω

⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟= − + +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

       (3.13) 

Mmxolod amonaxsni ( )1zm  aris mdgradi fizikuri amonaxsni, radganac  

( )( )1
' 0zf m <  da ( )1 1<  da saSualo damagniteb loba zm u zm  unda 

rafis miisw ( )1zm  mniSvnelobisaken. Ees Cans (3.12) gantolebis 

amonaxsnidanac: 
 

( )
( ) ( )( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( )

22
01 2 2 1

22
0 02 1

1 1 exp 2

1 1 exp 2 /

z z z z

z

z z

m m m m t D
m t

m m t D

ω λ ω

ω λ ω

⎛ ⎞− − − ⋅ − +⎜ ⎟
⎝ ⎠=

⎛ ⎞− − − ⋅ − +⎜ ⎟
⎝ ⎠

0/
       (3.14) 

( )Aaq sawyis pirobad aRebulia 0 1zm = .  

 rogorc (3.14 s )-dan Can roca , damagnitebuloba miiswrafis 

mniSvnelobisaken: 

t →∞
( )1z zm m   →

( )1zm  SefasebisaTvis gamoviyenoT parametrebis mn lobebi  

SerCeulia realuri Txe irebis ( Fe Ni
iSvne romlebic

li f aTvis −  da Fe Co Ni− −  

Senadnobebi , 0 10ω =  hc, ) [83]: 510λ −= 9 414 10D = ⋅  wm . Sedegad miviRebT 

Sefasebas, 

-1

( )1 0.0zm ≈ 35 , rac kargad eTanxmeba ricxviTi gamoTvlebis 

Sedegebs (nax 3.3-3.4). 
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Kkargi Tanxvedra (3.11) zusti gantolebis ricxviT amoxsnasa da (3.12) 
miaxloebTi gantolebis analizur amoxsnas Soris (orive SemTxvevaSi 

amonaxsni eqsponencialurad miiswrafis ( )1zm  mniSvnelobisaken)  

metyvelebs imaze, rom (3.11) gantolebaSi 
0

p
zm

ω
ω

 wevri SegviZlia 

ugulebelvyoT. 
   SevniSnoT rom miRebuli (3.14) analizuri amoxsna cxadi saxiT ar aris 

damokidebuli pω  sixSiris wanacvlebaze, magram TviT kinetikuri 

aRweris gamoyenebis 2
1 1pωωpiroba K T≈ >>  damokid uliaeb  pω -ze. 

mocemuli Teoria SeZleba gamoyenebul iqnas permaloidebis klasis 
Txelfirian SenadnobebSi feromagnituri rezonansis gamosakvlevad [69]. 
Ffirebis sisqe iTvleba 1d =  mkm-is tolad. Aanizotropiis veli SeiZleba 

Sefasdes formuliT [83]: 12

s

K
M

β = , sadac  anizotropiis koeficientia, 1K

sM  gajerebulobis damagnitebuloba. 

Bbolos moviyvanoT  (3.9) da (3.11) gantolebebis ricxviTi integrirebis 
Sedegebi. 
rogorc grafikebidan Cans Sedegebi romelic miiReba (3.9) gantolebaTa 
sistemis ricxiTi integrirebiT romelic warmodgenilia 3.3 grafikze 
karg TanxvedraSia (3.11) gantolebis ricxviTi integrirebisas miRebul 
SedegTan romelic warmodgenilia 3.4 naxazze. kerZoT qaosur SemTxvevaSi 
stoxasturobis koeficientiT , romelsac nax.3.3-ze Seesabameba a) 
xazi, Cven vxedavT, rom gaswvrivi damagnitebulobis mdgeneli xdeba 

daaxloebiT toli 

1K >

0.035zm ≈ , rac karg TanxvedraSia nax 3.4-ze 

warmodgenil SedegTan. Aaraqaosur SemTxvevaSi , romelic 
warmodgenilia nax3.3-ze c) mrudiT, damagnitebis gaswvrivi mdgeneli 
inarCunebs Tavis Tavdaprvel mniSvnelobas. b) mrudi Seesabameba 
Sualedur SemTxvevas   stoxasturobis koeficientiT . rogorc Cven 
vxedavT am SemTxvevaSi damagnitebulobis gaswvrivi mdgeneli gadaixreba 
wonasworobis mdgomareobidan, magram stoxasturi gajereba ara xdeba.  
rogorc naxazebis warwerebidan Cans  fizikuri parametrebis ricxiTi 
mniSvnelobebis SerCeva Seesabameba konkretul fizikur nivTierebebs.  

1K <

1≈K

 Ees imas niSnavs rom statistikuri midgoma arawrfivi 
precesirebadi sistemebis dinamikisadmi adekvaturia. 
  Aamrigad, arawrfivobis gaZliereba maRali sixSiris perioduli 
impulsebis gamoyenebiT xels uwyobs damagnitebulobis gajerebas 
gadaxras mis wonasworobis mdgomareobidan.  

 74



 
nax. 3.3 -is zm 0tω -ze damokidebulebis grafiki, agebuli (3.9) 

gantolebaTa sistemis ricxviTi integrirebiT, miRebulia parametrebis 

Semdegi mniSvnelobebisaTvis:  hc, 9
0 10ω = 90.6 10ω = ⋅  hc,  hc, 

 wm,  wm, 

810Ω =
80−2 1T π= ⋅ 102 10−τ π= ⋅ 510λ −= . 

a)  da c)  xazebi Seesabameba Fe Ni−  Senadnobis SemTxvevas 

, am SemTxvevaSi [83] ( 25 %, 75%Fe Ni− − ) 3
1 15 10K = ⋅  ergi/sm3  gausi, 914sM =

32.8β =  erstedi,  hc, a)  SemTxvevisaTvis  hc da 

stoxasturobis koeficienti 

60.57 10pω = ⋅

K

61.5 10= ⋅1ω

3.37= , c) SemTxvevisaTvis  hc  da 

stoxasturobis koeficienti 

51.5 10= ⋅1ω
0.337K = , b)  xazi Seesabameba ,Co NiFe− −  

 am SemTxvevaSi ( )50%i −25%, 25%,Fe Co N− − 34 101K = ⋅  ergi/sm3, 1025sM =  

gausi, 7.27β =  erstedi, 90.138 10pω = ⋅  hc, 601 1.5 1ω = ⋅  hc,  
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nax 3.4 -is zm 0tω  damokidebulobis grafiki agebuli (3.11) gantolebis 

ricxviTi integrebiT, miRebulia parametrebis Semdegi ricxviTi 

mniSvnelobebisaTvis:  hc,  hc,  wm, 9
0 0.6 10ω = ⋅ 810Ω = 82 10T π −= ⋅ 102 10τ π −= ⋅  wm, 

,  hc, 510λ −= 90.57= ⋅10pω 6102.9ω = ⋅  hc, D 41014= ⋅  wm-1 da stoxasturobis 

koeficienti  . 6.K ≈ 5
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4. Tavi arawrfivi spinuri sistemebis stoqasturi kontroli 

[84-85] 

4.1 Sesavali 

bolo dros samecniero literaturaSi spinuri sistemebi ganixileba 

rogorc erT-erTi imedis momcemi kandidati kvanturi kompiuteris 

Seqmnis TvalsazrisiT [86-92]. Aam azriT spinur sistemebSi 

mniSvnelovania arawonasworuli spinuri mdgomareobis Seqmna da misi 

kontroli. wrfiv spinur sistemebSi, romlebic imyofebian gare mudmiv 

magnitur velSi , spinebi SeiZleba gadaxrili iyvnen Tu maT movdebT 

cvlad magnitur vels ,  velis mimarTulebis perpendikularulad.    

Ggadaxris kuTxe maSin aris 

0H

( )h t 0H

1θ ωτ= , sadac 1ω  aris cvladi velis 

amplituda sixSirul erTeulebSi 1 0hω γ=  (  cvladi velis amplitudaa, 0h

γ  giromagnituri Tanafardobaa), τ  impulsis xangrZlivoba [54]. amasTan 

1ω  unda iyos rezonansSi sistemis zeemanis sixSiresTan 0 0Hω γ= .  

Aarawrfivi spinuri sistemebisaTvis situacia sruliad gansxvavebulia: 

sistemis sakuTari sixSire aris dinamikuri da damokidebulia 

oscilaciis amplitudaze [30]. magaliTad arawrfivi feromagnituri 

rezonansis dros sixSiris didi dinamiuri wanacvlebiT zeemanis sixSire 

damokidebulia damagnitebis z  proeqciaze e. i. [42-43]. radganac 

 icvleba droSi rezonansis piroba ar SeiZleba iyos igive rac 

wrfiv SemTxvevaSi. 

( )0 0 zsω ω=

( )zs t

 im sakiTxTan erTad Tu ra gziT unda gadavxaroT spinebi efeqturad, 

mniSvnelovania agreTve Tu ramden xans darCeba sistema gadaxril 

(arawonasworul) mdgomareobaSi anu ramdenad iqneba is dinamiurad 

CaWerili is am mdgomareobaSi. Tu arawonasworuli mdgomareoba iSleba 

swrafad, vidre gazomvis droa, maSin es gamoyenebis TvalsazrisiT 

naklebadD sasargebloa. gacilebiT sainteresoa is SemTxveva rodesac 

sawyisi mdgomareobidan gadaxrili spinuri sistema gare velis 

parametrebis saTanado SerCeviT sakmaod didxans darCeba gadaxril 

mdgomareobaSi, rasac eZaxian dinamiur gayinvas (CaWeras). [93-94]  Cven 

ganvixilavT arwrfiv, urTierqmed spinur sistemas im mizniT rom 
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gamovikvlioT  gadaxrili spinuri mdgomareobebis dinamiuri gayinva. Aam 

mizniT Cven Semogvaqvs stoxasturi kontrolis meqanizmi: movmarTavT ra 

arawrfiv spinur sistemas stoxastur reJimSi gare velis parametrebis 

saTanado SerCeviT, Cven SegviZlia is gadaviyvanoT sasurvel 

mdgomareobaSi da Semdeg stimulireba gavukeToT stoxastur gayinvas. 

ilustrirebisaTvis Cven ganvixilavT spinur mZivs gacvliTi 

urTierTqmedebiT  gare cvlad magnitur velSi [95-96].  

 Tavidan ganvixilavT ori bmuli (didi) spinebis SemTxvevas  da miviRebT 

analizur Sedegebs kvaziklasikuri dinamikisaTvis.. qaosur reJimSi 

spinebis dinamika aRiwereba foker-plankis gantolebiT. velis 

parametrebi, rodesac stoxasturi kontroli aris SesaZlebeli, 

miRebulia analizuri formiT da ricxviTi SedegebiT. naCvenebia, rom 

stoxasturi kontroli da dinamiuri gayinva SesaZlebelia am ricxviTi 

parametrebisaTvis. Semdeg Cven SeviswavliT spinur mZivs spinebis didi 

magram sasruli ricxviT da vaCvenebT, rom  ori spinis SemTxvevaSi 

gamoyenebuli ideebi am SemTxvevaSic misaRebia. sxva sityvebiT rom 

vTqvaT Cven ganvixilavT spinuri sistemebis mdgomareobebis kontrolis 

alternatiul meTodebs. maSin, roca Cveulebrivad miRebulia spinuri 

sistemebis kontroli   SesaZlebelia spinebs Soris bmis kontroliT, 

Cven vfiqrobT rom stoxasturi kontrolis modeli ufro advili da 

xelsayrelia. Aam SemTxvevaSi sistemis mdgomareobebis kontroli 

SeiZleba miRweul iqnas gare magnituri velis Sesabamisi SerCeviT.       
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Nnax. 4.1 spinuri sistema romelzec modebulia gare mudmivi (  da droze 

damokidebuli veli ( )

)0,zH

0,xH .  

 4.2  arawrfivi spinuri mZivi gare velSi 

Cven ganvixilavT  magnitur momentebs romlebic lokalizebulia N j  

adgilebSi da erTmaneTTan dakavSirebulni arian gacvliTi 

urTierTqmedebiT,  urTierTqmedebis mudmiviT. rogorc es naCvenebia 

nax.4.1, sistemaze modebulia ori veli, mudmivi magnituri veli  

modebulia 

J

0,zH

z  RerZis gaswvriv, maSin roca x  RerZis gaswvriv modebuli 

veli aris droze damokidebuli. sistemis hamiltoniani Caiwereba Semdegi 

formiT [95-96]: 

1

1, 0 0
1 1

ˆ ˆ ˆ ˆ ˆ
N N

1

N

jz j z x jx z jz
j j

H Js s H s H s
−

+
= =

= + +∑ ∑
j=
∑         (4.1) 

Tu gaviTvaliswinebT moZraobis gantolebebs: 
ˆ 1 ˆ ˆ,dA A H

dt i
⎡ ⎤= ⎣ ⎦ ;                                              (4.2) 

da komutaciur Tanafardobebs: 

,i j ij is s i sα β αβγε δ⎡ ⎤ =⎣ ⎦ γ     sadac  , 1... , , , , ,i j N x y zα β γ= ≡       (4.3) 

miviRebT Semdeg moZraobis gantolebebs: 
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1, 1, 0

1, 1, 0 0

0

;

;

, 1... ;

ix
iy i z iy i z z iy

iy
ix i z ix i z z ix x iz

iz
x iy

ds Js s Js s H s
dt

ds
Js s Js s H s H s

dt
ds H s i N
dt

+ −

+ −

= − − −

= + + −

= =

                          (4.4)  

Cven ganvixilavT klasikur dinamikas, romelic sruldeba didi 

spinebisaTvis js , (ˆ 1j j js s s= + ) 0. radganac 2ˆ ˆ, iH s⎡ ⎤ =⎣ ⎦  xelsayrelia spinebi 

vanormiroT erTze  da gadavideT sferul koordinatebze (nax.4.1) 2 1is =

2
, ,cos ; sin ; 1ix i i iy i i i i zs s s s s sϕ ϕ⊥ ⊥ ⊥= = = −     

maSin (4.4)-dan miviRebT moZraobis gantolebebs                     

0

1, 1, 0 0

sin ,

cos , 1... ;

iz
x i i

i iz
i z i z z x i

i

ds H s
dt

d sJs Js H H i N
dt s

ϕ

ϕ ϕ

⊥

− +
⊥

=

= + + − =
                           (4.5) 

imisaTvis rom vakontroloT arawrfivi spinuri dinamika Cven gamoviyenebT 

magnituri velis perioduli impulsebis serias T  periodiT da Tε  

amplitudiT  modebuls x  RerZis gaswvriv: 

( )0x
k

H T t kTε δ
+∞

=−∞

= −∑ ; 

Sedegad (4.5) moZraobis gantolebebi  miiReben Semdeg saxes: 

                       ( )

( )

1, 1,

1, 1, 1, 1, 0

,

; ,

; , 1,... ;

iz
i

i i i z i z
iz

i i z i z i z i z z

Vs

Vs s
s

s s Js Js H i N

ε
ϕ

ϕ ω ε

ω

− +

− + − +

∂
= −

∂
∂

= +
∂

= + + =

   (4.6) 

sadac: 

( ) ( ) ( )

( )

0
1 1

1

, ,

cos

N N

i iz i i iz i
i i k

N

i i
i k

V V s V s T t kT

s T t kT

ϕ ϕ δ

ϕ δ

+∞

= = =−∞

+∞

⊥
= =−∞

= = −

= ⋅ −

∑ ∑ ∑

∑ ∑

=
            (4.7) 

4.3 ori spinis SemTxveva.  

ganvixiloT yvelaze martivi SemTxveva, ori spinis SemTxveva . 2N =
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Aam SemTxvevaSi moZraobis gantolebebi  da  kanonikuri 

cvladebisaTvis da misTan kanonikurad SeuRlebuli 

1zs 2 zs

1ϕ  da 2ϕ  

kuTxeebisaTvis iwereba Semdegnairad: 

( ) ( ) { }1 0, , , ,z i i jz i jz jz z
i iz

V Vs s s Js H i
s

ε ϕ ω ε ω
ϕ
∂ ∂

= − = + = + ∈
∂ ∂

1,2j             (4.8) 

(4.8) gantolebebSi  da  cvladebi arian adiabaturi invariantebi V  
SeSfoTebis ararsebobis dros da amitomac isini SegviZlia ganvixiloT 
rogorc neli cvladebi kuTxur cvladebTan SedarebiT.  

1zs 2 zs

Ggarkveul pirobebSi, romelsac qvemoT davakonkretebT sistemaSi 
SesaZlebelia moxdes rezonansebis gadafarva da sistemaSi warmoiqmneba 
qaosi. Aam dros xdeba gadasvla kinetikur aRweraze da spinebis 

ganawilebis funqciisaTvis ( )1 2, ,z zF s s t  iwereba kinetikuri gantoleba. 

kinetikuri gantolebis gamoyvana xdeba zaslavskis meTodiT [29-30] da is 
analagiuria kinetikuri gantolebis gamoyvanisa ori Tavisuflebis 
xarisxis mqone sistemis SemTxvevaSi, romelic ganxiluli iyo SesavalSi.  
Aamitomac masze detalurad ar SevrCerdebiT. Oori spinisTvis kinetikuri 
gantoleba, foker-plankis gantoleba iwereba Semdegnairad [84-85]:    

( ) ( ) ( )1 2 2 2
1 2

1 1 2

, ,
1 1z z

z
z z z

F s s t F FD s s
t s s s

∂ ⎛ ⎞∂ ∂ ∂ ∂
= − + −⎜∂ ∂ ∂ ∂⎝ ⎠2

z
zs ⎟∂

                        (4.9) 

sadac  difuziis koeficienti sruliad ganisazRvreba impulsebis 

parametrebiT: 

D

2 4
TD επ ε

= =
Ω

  .                                        (4.10) 

aq mniSvnelovania imis aRniSvna rom qaosi aris ZiriTadi piroba kinetikuri 
gantolebis misaRebad. Mmeores mxriv is agreTve aris efeqturi iaraRi 
stoxasturi kontrolisaTvis. radganac sistemaSi qaosis warmoqmna 
dakavSirebulia arawrfivi rezonansebis gadafarvasTan [29-30] da sistemis 
parametrebis Sesabamisi arCeviT SegviZlia vakontroloT difuziuri 
procesebi.  

(4.9) gantolebis amoxsna warmoaCens  spinebis   proeqciebis SemTxveviT 
dinamikas (qaosur reJimSi). SemTxveviToba aq gamowveulia impulsebis 

perioduli seriis moqmedebiT. Tu gvakeTebT Casmas 

zs

( ) ( ) ( )1 2 1 1 2 2,z z z zF s s F s F s=  

(4. 9) gantolebaSi miviRebT rom spinis jzs  proeqciebis saSualo 

mniSvnelobebisaTvis moZraoba difuziuria: 

( ) ( )1 1
2

1
1 1

1 2 ;j jzj
jz jz jz z jz jz

jz jz

F sFd s s ds D s s Ds
dt t s s

+ +

− −

⎛ ⎞∂∂ ∂ ⎜ ⎟= = − = −
⎜ ⎟∂ ∂ ∂⎝ ⎠

∫ ∫   1,2j =           (4.11) 

( ) 2
1,2 1,2 0 Dt

z zs s e−=                                                       (4.12) 

Tu movdebT impulsebs sawyis antiferomagnitur mdgomareobas ( )1 0 1zs ≈ , 

 maSin isini difuziurad gadaerTvebian  da  

mdgomareobaSi da efeqturad rCebian  am mdgomareobaSi.  gadarTvis dro 
tolia -si. (4.12)-dan SeiZleba davaskvnaT, rom spinis  mdgeneli qreba 

 drois Semdeg. Mmxolod aqve unda SevniSnoT rom rezonansebis 

( )2 0zs ≈ −

1/
1/t D>

1 1 0zs →

z

2 0zs →

D
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gadafarvis efeqti  damyarebulia  imaze, rom sixSire damokidebulia -ze 

.  komponentis ganuleba iZleva imas rom am SemTxvevaSi 
zs

( )zsω ω= zs ω  aRar 

aris damokidebuli  da am SemTxvevaSi aRar gvaqvs  rezonansebis 

gadafarva, amitom unda movelodeT   rom spinebis   komponentis 
ganuleba ar xdeba srulad, aramed spinebi gadaixrebian sawyisi 

mdebareobidan raRac kuTxiT da xdeba  komponentis droSi gajereba 

(nax.4.2).  stoxasturi gadarTva anu  komponentis ganuleba miuRwevelia 
rezonansuli velebis SemTxvevaSi, sistemis arawrfivi dinamikis gamo: 

zs

zs

zs

zs
j -uri 

spinis precesiis sixSire ( )j iz iz zsω = + 0Hs J  damokidebulia  spinis 

dinamikaze((4.8) gantolebebi).  Tu gamoviyenebT rezonansul vels  sixSiriT 

spinis orientacia Seicvleba mxolod umniSvnelod 

is

(( zs t ))0 i jω ω= 0= 1
jω−  

drois Semdeg gare veli xdeba ararezonansuli vinaidan ( ) ( )0 0z zss t > ≠ .  

     
 
  

       
0.2,J = 0 zH 0.2,=Nnax. 4.2  da  droSi evolucia im SemTxvevaSi, roca 1zs 2s  z

0.057ε = , , 100Ω = 0 0.1
T
τ

= , , ( )1 0zs 0.8= ( )1 0 0ϕ ,=  ( )0 0.z = −2s 8, 1 0 0ϕ  ( ) = , 2T π
=
Ω

 

Dda  410 .−⋅0K K ' 0.45= =
 
rogorc nax. 4.2-dan Cans, Tu sawyis mdgomareobebs aviRebT 0.8 da 0.8− -s, 
impulsebis moqmedebis Semdeg didi drois ganmavlobaSi (40-200 ps) spinis 
komponentebis mniSvnelobebi rCebian 0.4 da -0.4 mniSvnelobebTan axlos 

viwro intervalSi.  ra Tqma unda spinebis kontroli am SemTxvevaSi ar 
aris srulyofili.  M Cven SegiZlia aviRoT   Zalian Zlieri impulsebis 
seria, magram am dros  stoxasturi kontroli sruliad SeuZlebeli iqneba. 
(nax.4.3). rogorc nax.4.3-dan Cans, Zlieri impulsebis gamoyenebisas 
SesaZlebelia spinebis mimarTulebis cvlileba, magram spinebis  
komponentebi mcire droiT intervalSi (nax. 4.2-ze warmodgenil droiT 
masStabTan SedarebiT), asruleben oscilaciebis did ricxvs, ufro didi 
amplitudiT vidre kontrolis zonis siganea nax. 4.2-ze.    

z

z
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Nnax.4.3 , , 0.2J = 0 0.2zH = 0 2xH ε= = , 100Ω = , 0 0.1
T
τ

= , ( )1 0 0.9zs = ,  ( )1 0 0ϕ = ,

.2 00 0.9,zs = −  ( )2 0 0ϕ =  

4.4 klasikuri asaxvebi. 
Aamgvarad, ori spinis SemTxvevaSi spinebis dinamikis qaosurobas mivyavarT   
spinebis stoxastur gadarTvasTan, romelic aRiwereba (4.9)-(4.12) 
gantolebebiT. Aamitom mniSvnelovania imis Dadgena Tu ra SemTxvevaSia es 
gantolebebi samarTliani. amisaTvis (4.6) gantolebebi gadavweroT Semdegi 
saxiT: 

( ) ( ) ( ) {0 0, ;i i
iz i i iz

k ki iz

V Vs T t kT s T t kT i j
s

ε δ ϕ ω ε δ
ϕ

+∞ +∞

=−∞ =−∞

∂ ∂
= − − = + − ∈

∂ ∂∑ ∑ }, 1, 2   (4.13) 

davuSvaT pirveli impulsi CairTo 0t t=  momentSi. SemovitanoT  

evoluciis operatori, romelic aRwers sistemis evolucias T  periodis 

ganmavlobaSi: 

T̂

ˆ ˆ ˆ
fT T Tτ= . sadac T̂τ  aRwers sistemis evolucias ipmulsebis 

moqmedebis dros, xolo ˆ
fT  aRwers sistemis evolucias impulsebs Soris.  

Tu sistemis mdgomareobas avRniSnavT ( )1 1 2 2, , ,z zs sϕ ϕ , maSin (4.13)-dan 

( ) ( ) ( )( )1 1 2 2 1 1 1 2 2 2 2 1
ˆ , , , , , ,f z z z z z zT s s s s T s s Tϕ ϕ ϕ ω ϕ ω= + + .  

T̂τ  operatoris zust formas vipoviT, Tu gavaintegrebT (4.13) gantolebaTa 

sistemas  drois momentTan axlos mcire 0t ( )0 0,t tτ τ− + SualedSi ( 1
,i jτ ω−<< ). 

Sedegad miviRebT asaxvebs romelic spinebis mdgomareobas  impulsis 
moqmedebis Semdeg ukavSirebs spinebis mdgomareobasTan impulsis 
moqmedebamde: 

1n +

( )

2
, 1 , , ,

,
, 1 , , 1 0 ,2

,

1 sin ,

cos
1

iz n iz n iz i n

iz n
i n i n jz n z i n

iz n

s s T s

s
Js H T T

s

ε ϕ

ϕ ϕ ε

+

+ +

= + −

= + − −
−

ϕ
         (4.14) 

Oorientiri, romlis drosac moxdeba spinebis stoxasturi gadarTva aris 
velis parametrebis ise SerCeva,  rom sistemaSi gvqnondes qaosuri dinamika. 

 83



Q Cven SegviZlia sistemaSi qaosis arsebobis Sesaxeb daskvna gavakeToT, Tu 
gamovikvlevT sistemis fazuri traeqtoriebis stabilurobas (4.14)-is 
iakobianis saSualebiT [28-30]. romlis analizi safuZvels gvaZlevs 
davaskvnaT rom sistemaSi qaosi SesaZlebelia maSin rodesac:  

1, 0i Kλ > >                                         (4.15). 

sadac iλ  (4.14) sistemis iakobianis sakuTari mniSvnelobebia: 

( ) ( )2

1,2

2 2 4 ( ) ( )
2

K K
λ

+ ± + −
= ,    

2

3,4

2 2K K
λ

4− ± − −
= ; 

2
0 1 1 1 2 0cos cos ,tK K s s K T Jϕ ϕ ε⊥ ⊥= < > =                          (4.16) 

 sadac  aRniSnavs droiT gasaSualebas . rogorc (4.16) formulebidan 

Cans sistemis dinamika damokidebulia gare velis parametrebze da spinebs 
Soris gacvliTi urTierTqmedebis  parametrze.   

... t< >

J
4.5 ricxviTi Sedegebi 

(4.13) moZraobis gantolebebis ricxviT amonaxsnebiT SegviZlia davrwmundeT,  
rom (4.15) pirobebs marTlac mivyavarT qaosur dinamikamde da spinebis  
stoxastur gadaxramde, rogorc es naCvenebia nax.4.2. gare velis parametrebi 

isea SerCeuli rom  da rogorc naxazze vxedavT, spinebi 

gadaxrilia sawyisi mimarTulebidan. Semdeg isini rCebian am gadaxril 
mdgomareobaSi sakmaod didi drois ganmavlobaSi, rac eTanxmeba zemoT 

moyvanil analizs.  Tu gare vels ise SevcvliT,  rom 

4
0 ' 0.45 10 0K K −= = × >

0 'K K<  (  

efeqturad nulia), maSin spinebis sagrZnobi gadaxra ar gveqneba (nax.4.4)    
0K

 
  

nax.4.4 igive sidideebi rac nax.4.2  mxolod 0.2,J =   0 0.2,zH = 0.04ε = , 100,Ω =  

0 0.1,
T
τ

=   ( )1 0 0.9zs = , ,( )1 0 0ϕ =  ( )2 zs = −0 0.9, ( )2 0 0,ϕ =  
2T π

=
Ω

, da 

 4 '.K K− <0 0.32 10= ×
sistemis dinamika aris Zalian mgrZnobiare sistemis parametrebis mcire 

cvlilebebis mimarT.  Tu aviRebT Zalian Zlier velebs 0( , z zT J H Js )ε >> >> , 

sistemis dinamika xdeba regularuli, magram araintegrebadi. ase rom 
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stoxasturi gadarTva da dinamiuri CaWera ar moxdeba e.i.  rCeba 

adiabaturad invariantuli da gare velebis gavleniT ganicdis mcire 
fluqtuaciebs sawyisi mdgomareobis mimarT. (nax.4.5). 

1,2,zs

 
 

 
 
nax.4.5  igive sidideebi, rac nax.4.2-ze  mxolod 0,J =   0 zH = 0.2, 0.04ε = , 

 100,Ω = 0 0.1,
T
τ

=   ( )1 0 0.8zs = , ( )1 0 0ϕ ,=  ( )2 0 0.zs = − 8,  ( )2ϕ 0 0,=  
2T π

=
Ω

, da 0K 0.=  

4.6 sasruli spinuri mZivi 
aris Tu ara SesaZlebeli vakontroloT gansazRvruli spinebis 

mimarTuleba urTierTqmed spinebis mZivSi.  
Aam kiTxvaze pasuxis gasacemaT ganvixiloT moZraobis (4.6) gantolebebi 

da davuSvaT rom mxolod ( , 1k k )+  spinebze moqmedeben impulsebi, maSin: 

( ) ( )

( ) ( ) ( )

,
, , 1

,
1 1 , , 1

;

,

i i iziz
i k i k

i

i i izi
i i z i z i k i k

iz

V sds
dt

V sd s s
dt s

ϕ
δ δ ε

ϕ

ϕϕ ω δ δ ε

+

− + +

∂
= − +

∂

∂
= + +

∂

     (4.17) 

 

( )1 , 1 1 1 0 , 1,.. , 1 1i i z i z i z i z zs s Js Js H i N Nω − + − += + + = + ≡  

rogorc (4.17) gantolebebidan Cans ( )izs t const=  Tu . spinebs 

Soris urTierTqmedebis gavlena Semodis 

1+k i k≠ ≠

( )1z+1 ,i z is sϕ −  fazebis saSualebiT. 

spinebis gaswvrivi mdgenelebis oscilaciis sixSire , 1..i Niϕ =  

dakavSirebulia efeqtur magnitur velTan Semdegnairad: 

( ) eff eff
i i stϕ ω γ= = iH                               (4.18) 

sadac  

( ) ( ) ( ) ( ) ( )0
0 1, 1, , , 1

1 coseff x
i z i z i k i k i i z

s i

H t
H t H J s s s

s
δ δ ϕ

γ − + +
⊥

⎡ ⎤
= + + − +⎢ ⎥

⎣ ⎦
,

rogorc (4.18) gamosaxulebidan Cans spinebi romlebzec moqmedeben 
impulsebi cvlian energias TavianT uaxloes mezoblebTan. uaxloesi 
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mezoblebi STanTqaven energias spinebisagan, romelzedac impulsebi 
moqmedebs, miuxedavad imisa, rom maTi z  mdgeneli rCeba mudmivi. 

 Ees procesi damokidebulia spinebis z  komponentze da eff
iω  efeqtur 

sixSireze.  
Ees movlena demonstrirebulia nax.4.6-ze. 

 
 
 

ax. 4.6 5zs  da 6 zsNn  spinuri komponentebis dinamika 10 spinisagan Semdgari 

rTierTqmed spinur mZivSi. suraTi miRebulia (4.17) gantolebaTa u
sistemis integrirebiT parametrebis Semdegi mniSvnelobebisaTvis: 

0.2,J =  0 0.2,zH =  0.04,ε =  100,Ω =  0 0.1,
T
τ

=  ( )2 1 0 0.9,z
ns + =  ( )2 0 0.9,z

ns = − , 

2 ,T π
=
Ω

1, ,i N=  10.N =  

ismis kiTxva, SegviZlia Tu ara vakontroloT spinebis gadaxris procesi, 
Tu movdebT mudmiv magnitur vels x  RerZis gaswvriv?  sistemis dinamika 
aris qaosuri, perioduli impulsebis seriis gareSec [95-96]. Mmagram am 
dros spinebis  z  komponenta ar aris adiabaturi invarianti da 
dinamiuri gayinvis meqanizmi, romelic zemoT iyo ganxiluli ar muSaobs.  
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Nnax. 4.7 mexuTe spinis  komponentis droze damokidebuleba 

parametrebis Semdegi mniSvnelobebisaTvis:

z
0.2,J =   0 0.2,zH = 0 1,xH =  

( )2 1 0 0.9z
nS + = , ( )2 0 0.z

nS = − 9,  ( )0 0i ,ϕ =  1,i = N  da 10.N =  

 
Nnax 4.7 naCvenebia rom Tu Tu magnituri velis amplituda romelic 

modebulia x  RerZis gaswvriv aris sakmaod didi 0 0x zH H> , maSin 

spinebis  komonenti asrulebs swraf oscilaciebs. Mmeore zRvrul 

SemTxvevaSi 

z
0 0x zH H<  spinebis orientacia SegviZlia SevcvaloT magram 

dinamiuri CaWeris meqanizmi am SemTxvevaSic SeuZlebelia. (nax. 4.8). 

 
Nnax. 4.8 igive, rac nax.4.7-ze, mxolod parametrebi Secvlilia 

Semdegnairad: 0.2,J =  0 0.2,zH =  0 0.01,xH =  ( )2 1 0 0.9z
nS + = ,   2 0.9,z

nS = −

( )0 0i ,ϕ =  1,i N N ==  da  10.
 

davuSvaT spinebze vimoqmedeT impulsebis seriiT da raRac drois Semdeg 
gamovrTeT es impulsebi. MmaSin spinebi dinamiurad CaWerilni iqnebian im 
mdgomareobaSi ra mdgomareobaSi isini arian impulsebis gamorTvis win . 
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amosavali wertili aq is aris rom rodesac ara gvaqvs gare velis  

impulsebi, spinebis  mdgeneli aris moZraobis integrali. gantolebaTa 
sistema romelic am SemTxvevaSi aRwers spinebis dinamikas aris: 

zs

( )

( )

1, 1, 0

1, 1, 0

,

,

0.

jx
j z j z jy z jy

jy
j z j z jx z jx

jz

ds
J s s s H s

dt
ds

J s s s H s
dt

ds
dt

− +

− +

= − + −

= + +

=

                             (4.19) 

(4.19)-is amoxsnis Semdeg miviRebT: 

( ) ( )
( ) ( )
( )

0 0

0 0

0

cos ,

cos ,

jx jx j

jy jy j

jz jz

s s t t

s s t t

s s t

0

0

ω ϕ

ω ϕ

= +

= +

=

 

sadac   ( ) ( )( ) ( ) ( )( )1 1 1 1 00 ; 0 0 0 0j j z j z j z j z z js s J s s Hω ω− + − += + + =  da  Seesabameba 

spinebis im orientacias, romelic miiRweva impulsebis moqmedebis Semdeg 

 droiT intervalSi. 

( )0jzs t

00 t t< <
Sedegi SeiZleba Semowmdes (4.6) moZraobis gantolebis ricxviTi integrebiT.  
Nnax.4.9. 

 
Nnax. 4.9 naxazi miRebulia (4.6) gantolebaTa sistemis ricxviTi 

integrirebiT, roca  0.2,J = 0 0.2,zH =  0 0.01,xH =   ( )2 1 0 0.9z
ns + = , ( )2 0 0.z

ns = − 9, 

 ( )0 0iϕ = , 1, ,i N=   10.N =

4.7 daskvna  
 Aamrigad am TavSi Cven SeviswavleT Ddinamiuri gadarTvis SesaZlebloba 
spinur jaWvSi  rodesac spinebs Soris gvaqvs gacvliTi urTierTqmedeba da 
masze moqmedebs cvladi da Mmudmivi magnituri velebi.  Aanalizuri da 
ricxviTi gamoTvlebiT  vaCveneT rom stoqasturi gadaxra maSin aris 
SesaZlebeli,  Tu sistemis parametrebs ise SevarCevT, rom spinebis 
klasikuri dinamika iyos qaosuri. Ggadaxris dro damokidebulia gare 
velis parametrebze. Cven agreTve SeviswavleT dinamiuri gayinvis 
SesaZlebloba, ese igi saboloo mdgomareobis stabilizacia spinebis 
gadaxris drois Semdeg.     

 88



 
5. Tavi qaosi ganzogadebul jeims komingsis modelSi [97] 

5.1 Sesavali  
rezonatorebis kvanturi eleqrodinamika dResdReisobiT warmoadgens 
fizikis erT-erT swrafad ganviTarebad dargs romelic swavlobs 
atomebis urTierTqmedebas fotonebTan maRali sizustis rezonatorebSi, 
eleqtromagnituri gamosxivebis farTo speqtrSi mikrotalRebidan 
xilul sinaTlemde [99-106]. interesi aseTi sistemebis mimarT gamowveulia 
ramdenime mizeziT: erT-erTi maTgania SesaZlebloba imisa rom ufro 
Rrmad SeviswavloT Ria sistemebis dinamika. M sxva argumentia AaseTi 
sistemebis gamoyeneba kvanturi gamoTvlebis saqmeSi [87-90,102]. 
jeims-komingsis modeli warmoadgens erT-erT sabaziso models 
rezonatorebis kvanturi eleqtrodinamikis Seswavlisas. kerZod, es 
modeli aRwers ordoniani atomis rezonatoris gamosxivebis erT 
modasTan urTierTqmedebas [87-90,102]. Aam modelis ganzogadebas 
warmoadgens samdoniani atomis ganxilva romelic urTierTqmedebs 
rezonatoris gamosxivebis or modasTan. 
 

 
 
Nnax 5.1 atomuri doneebis da doneebs Soris gadasvlebis sqematuri 
warmodgena ganzogadebul jeims-komingsis modelSi. 
  
 Gganzogadebuli jeims komingsis modeli detalurad ganxilulia [107-
109] SromebSi. 
ganvixiloT hamiltoniani romelic aRwers samdoniani atomis 
urTierTqmedebas eleqtromagnitur velTan rezonatorSi. Ees 
hamiltoniani Seicavs ara marto atomis urTierTqmedebas 
eleqtromagnitur velTan, aramed kinematikur wevrsac romelic 
axasiaTebs atomis, rogorc mTlianis moZraobas. davuSvaT rom dasaSvebia 
gadasvlebi 1-sa da 3 da 2 da 3 doneebs Soris (nax. 5.1). 
Cven ganvixilavT yvelaze zogad SemTxvevas, rodesac atomis velTan 
urTierTqmedeba damokidebulia atomis mdebareobaze rezonatoris 
SigniT. 
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maSin Sesabamisi hamiltoniani Caiwereba ase [107-109]: 
2 2 3 2

3 3
1 1 1

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ( ) co
2 j jj f

j

pH b b E R g b R b R
m α α α α α α α α α

α α

ω + +

= = =

= + + + +∑ ∑ ∑ ˆ s k x    (5.1) 

aq x̂  da p̂  atomis mdebareobis da impulsis operatoria, jE  Sesabamisi 

donis energiaa, αω  da fk
α
  gamosxivebis velis sixSire da talRuri 

veqtoria, gα  atomisa da gamosxivebis velis bmis mudmivas amplitudaa. âb+  

da  fotonebis dabadebis da gaqrobis operatoria,  âb 3R̂ α   da 3R̂α , 2,1=α  

doneebs Soris gadasvlis operatorebia. ˆ
jjR   j  mdebareobis dasaxlebis 

operatoria, romelic akmayofilebs sisrulis pirobas . 

davuSvaT sabaziso atomuri mdgomareobebi aris: 

1=
3

1
∑
=j

jjR

.
0
0
1

,
0
1
0

,
1
0
0

321
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
= aaa           (5.2) 

es mdgomareobebi dakavSirebulni arian )3(U  jgufis generatorebTan 

Semdegnairad [109]: 

11 12 13

0 0 0 0 0 0 0 0 0
ˆ ˆ ˆ0 0 0 , 0 0 0 , 0 0 0 ,

0 0 1 0 1 0 1 0 0
R R R

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

21 22 23

0 0 0 0 0 0 0 0 0
ˆ ˆ ˆ0 0 1 , 0 1 0 , 1 0 0 ,

0 0 0 0 0 0 0 0 0
R R R

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = =⎜ ⎟ ⎜ ⎟ ⎜
⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎟
⎟        (5.3) 

31 32 33

0 0 1 0 1 0 1 0 0
ˆ ˆ ˆ0 0 0 , 0 0 0 , 0 0 0 .

0 0 0 0 0 0 0 0 0
R R R

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

magaliTad 11 1 1 11 2 11 3 21 1 2
ˆ ˆ ˆ ˆ, 0, 0, ,R a a R a R a R a a= = = =  da ase Semdeg. 

es operatorebi akmayofileben Semdeg algebras: 

kjilklij RRR δ= .                                                      (5.4) 

fotonebis dabadebis da gaqrobis operatorebi akmayofileben Semdeg 
komutaciur Tanafardobebs [110]: 

ˆ ˆ,b bα α
+

−
⎡ ⎤ =⎣ ⎦ 1                                                         (5.5) 
da axasiaTeben eleqtromagnituri talRis arCeul modas, romelsac aqvs 

αω    sixSire da  talRuri veqtori. αfk
(5.1) hamiltoniani aris arawrfivi da araintegrebadi amitomac SeiZleba 
hqondes qaosuri yofaqceva. rogorc Sesabamisi ordoniani jeims 
komingsis modeli romelic ganxiluli iyo da Seswavlili [111], aqac 
dinamika  ZiriTadad damokidebulia Sida gadasvlebis sixSireebsa 
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,13
13

EE −
=ω 3

23
E Eω −

= 2   da gamosxivebis velis  sixSireebs Soris 

sxvaobaze  ( )3 / , 1, 2.E Eα α αδ ω α= − − =
 [111] SromaSi naCvenebia, rom  ordonian jeims-komingsis modelSi, 
rezonansul SemTxvevaSi, rodesac rezonatoris gamosxivebis sixSire 
emTxveva atomSida gadasvlebis sixSires sistema aris integrebadi,  
xolo ararezonansul SemTxvevaSi sistemaSi SesaZlebeli  iyo qaosi. 
Cveni mizania SeviswavloT ganzogadebuli jeims-komingsis modeli. 
rogorc qvemoT iqneba naCvenebi gansxvavebiT Cveulebrivi jeims-komingsis 
modelisa qaosi am SemTxvevaSi SesaZlebelia rezonansul SemTxvevaSic 

0, 1,2.αδ α= =   

moZraobis heizenbergis  gantolebebi operatorebisaTvis (5.1) 
hamiltonianis gamoyenebiT rezonansul SemTxvevaSi  Semdegnairad 
daiwereba: 

ˆ ˆdx p
dt m

= ,  

2

3 3
1

ˆ ˆ ˆˆ ˆ ˆ( ) sif f
dp ng b R b R k k x
dt α α α α α α α

α

+

=

= +∑ , 

13
1 1 1 33 11 2 2 2 12

ˆ ˆ ˆ ˆ ˆˆ ˆcos( )( ) cos( ) ,f f
dR ig b k x R R ig b k x R
dt

= − −  

31
1 1 1 11 33 2 2 2 21

ˆ ˆ ˆ ˆ ˆˆ ˆcos( )( ) cos( )f f
dR ig b k x R R ig b k x R
dt

+ += − + , 

23
2 2 2 33 22 1 1 1 21

ˆ ˆ ˆ ˆ ˆˆ ˆcos( )( ) cos( ) ,f f
dR ig b k x R R ig b k x R
dt

= − −         (5.6) 

32
2 2 1 22 33 1 1 1 12

ˆ ˆ ˆ ˆ ˆˆ ˆcos( )( ) cos( ) ,f f
dR ig b k x R R ig b k x R
dt

+ += − +  

11
1 1 1 31 1

ˆ ˆ ˆˆ ˆˆcos( )( )f
dR ig k x b R b R
dt

+= − 13 , 

22
2 2 2 32 2

ˆ ˆ ˆˆ ˆˆcos( )( )f
dR ig k x b R b R
dt

+= − 23 , 

33
1 1 1 31 1 13 2 2 2 23 2 32

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆcos( )( ) cos( )( )f f
dR ig k x b R b R ig k x b R b R
dt

+ += − − + − , 

1
1 1 1

ˆ
ˆˆcos( )f

db ig k x R
dt

= − 3 ,  
1

1 1 3

ˆ
ˆˆcos( )f

db ig k x R
dt

+

= 1 ,  
2

2 2

ˆ
ˆˆcos( )f

db ig k x R
dt

+

= 32 , 

2
2 2

ˆ
ˆˆcos( )f

db ig k x R
dt

= − 23 , 

1 2

12
1 1 32 2 2 13

ˆ ˆ ˆˆ ˆ ˆcos( ) cos( ),f f
dR ig b R k x ig b R k x
dt

+= −  

 

2 1

21
2 2 31 1 1 23

ˆ ˆ ˆˆ ˆ ˆcos( ) cos( ).f f
dR ig b R k x ig b R k x
dt

+= −  

(5.6) sistemidan advilia Cveneba 11 22 33
ˆ ˆ ˆ(d R R R

dt
) 0,+ + =  rac gamosaxavs 

nawilakTa ricxvis Senaxvas 11 22 33
ˆ ˆ ˆ 1.R R R+ + =  
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SemoviRoT Semdegi operatorebi: 

1 1 31 1 13
ˆ ˆˆ ˆ( )A i b R b R+= − , 2 2 32 2 23

ˆ ˆˆ ˆ( )A i b R b R+= −  U b      (5.7)           ,
1 1 31 1 13

ˆ ˆˆ ˆ( )R b R+= + , 2 2 32 2 23
ˆ ˆˆ ˆ(U b R b R+= + ),

1 2 21 1 2 12
ˆ ˆ ˆ ˆˆ ˆ ˆ ,B b b R b b R+ += + 1 2 21 1 2 12

ˆ ˆ ˆˆ ˆ( )C i b b R b b R+ += − ,  

1 1 1 2 2 2
ˆ ˆ ˆ ˆˆ ˆ, .N b b N b b+ += =  

maSin (5.6) sistemidan  

11
1 1

ˆ ˆˆcos( ) ,f
dR ig k x A
dt

= 1                              (5.8) 

22
2 2

ˆ ˆˆcos( ) .f
dR ig k x A
dt

= 2  

xolo 

1

1
1

ˆ ˆˆcos( ) ,f
dN g k x A
dt

= 1                                (5.9) 

2

2
2 2

ˆ ˆˆcos( ) .f
dN g k x A
dt

=  

aqedan Cans rom inaxeba Semdegi sidideebi: 

1 1 11
ˆ ˆ ˆ ,M N R const= − =                               (5.10) 

2 2 22
ˆ ˆ ˆ .M N R const= − =  

Cven SegviZlia (5.10) Senaxvadi sidideebsa da 11 22 33
ˆ ˆ ˆ 1R R R+ + =

1 2 1 2
ˆ ˆ ˆ ˆ, , ,A A U U

 pirobis 

gamoyenebiT davweroT moZraobis gantolebebi da  ˆ, ,B Ĉ
operatorebisTvis romlebsac aqvT Semdegi saxe: 

1 2

1
1 1 11 22 2

ˆ ( ) ˆ ˆ ˆˆ ˆ2 cos( )( 1)(1 2 ( ) ( )) cos( ) ( ),f f
dA t g k x M R t R t g k x B t

dt
= + − − −  

2 1

2
2 2 11 22 1

ˆ ( ) ˆ ˆ ˆˆ ˆ2 cos( )( 1)(1 ( ) 2 ( )) cos( ) ( ),f f
dA t g k x M R t R t g k x B t

dt
= + − − −  

2

1
2

ˆ ( ) ˆˆcos( ) ( ),f
dU t g k x C t

dt
=  

1

2
1

ˆ ( ) ˆˆcos( ) ( ),f
dU t g k x C t

dt
= −                                                      (5.11) 

1 11 1 2 2 2

ˆ ( ) ˆ ˆˆ ˆˆ ˆcos( )( 1) ( ) cos( )( 1) ( ),f f
dB t g k x M A t g k x M A t

dt
= + + + 1  

1 11 1 2 2 2

ˆ ( ) ˆ ˆ ˆ ˆˆ ˆcos( )( 1) ( ) cos( )( 1) ( ).f f
dC t g k x M U t g k x M U t

dt
= + − + 1  

saboloo jamSi moZraobis gantolebebisaTvis miviRebT: 
ˆ ˆdx p

dt m
= , 

2

3 3
1

ˆ ˆ ˆˆ ˆ ˆ( ) sif f
dp ng b R b R k k x
dt α α α α α α α

α

+

=

= +∑ , 

11
1 1

ˆ ˆˆcos( ) ,f
dR ig k x A
dt

= 1  
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22
2 2 2

ˆ ˆˆcos( ) ,f
dR ig k x A
dt

=
1 2

1
1 1 11 22 2

ˆ ( ) ˆ ˆ ˆˆ ˆ2 cos( )( 1)(1 2 ( ) ( )) cos( ) ( ),f f
dA t g k x M R t R t g k x B t

dt
= + − − −

2 1

2
2 2 11 22 1

ˆ ( ) ˆ ˆ ˆˆ ˆ2 cos( )( 1)(1 ( ) 2 ( )) cos( ) ( ),f f
dA t g k x M R t R t g k x B t

dt
= + − − −  

2

1
2

ˆ ( ) ˆˆcos( ) ( ),f
dU t g k x C t

dt
=                                                (5.12) 

1

2
1

ˆ ( ) ˆˆcos( ) ( ),f
dU t g k x C t

dt
= −  

1 11 1 2 2 2

ˆ ( ) ˆ ˆˆ ˆˆ ˆcos( )( 1) ( ) cos( )( 1) ( ),f f
dB t g k x M A t g k x M A t

dt
= + + + 1  

1 11 1 2 2 2

ˆ ( ) ˆ ˆ ˆ ˆˆ ˆcos( )( 1) ( ) cos( )( 1) ( ),f f
dC t g k x M U t g k x M U t

dt
= + − + 1  

1

1
1 1

ˆ ˆˆcos( ) ,f
dN g k x A
dt

=  

2

2
2 2

ˆ ˆˆcos( ) .f
dN g k x A
dt

=  

2

2
2 2

ˆ ˆˆcos( ) .f
dN g k x A
dt

=  

(5.12) moZraobis gantolebebis daxmarebiT advilad SegviZlia vaCvenoT 
rom Senaxvadia Semdegi sidide   

1 2

2

1 1 2
ˆˆ ˆ ˆˆ ˆ( ) cos( ) ( )cos( )

2 f f
pW g U t k x g U t k
m

= + + x          

movaxdinoT miRebul gantolebaTa sistemis gasaSualoeba [111], SemoviRoT 
Semdegi aRniSvnebi: 

1
ˆfx k x= , 

1

ˆ
,

f

p
p

k
=   ,111 RR =  ,222 RR =   1 1

ˆ ,v A= 2 2
ˆ ,v A=     (5.13) 

1 1
ˆ ,u U=   2 2

ˆ ,u U=   ,
1

2

f

f

k
k

k =  1 1
ˆ ,v A= 2 2

ˆ ,v A=   ˆ ,B B=   ˆC C= , 

1,t gτ = ⋅  ,
1

2
1

mg
k f=α   .

1

2
g
g

=Ω  

maSin saSualo sidideebisaTvis gantolebaTa sistema miiRebs Semdeg 
saxes: 

),()( τα
τ
τ p

d
dx

=  

,sin)(sin)()(
21 kxkuxu

d
dp ττ
τ
τ

Ω+=  

,cos)()(
1

1 xv
d

dR
τ

τ
τ

=  

,cos)()(
2

2 kxv
d

dR
τ

τ
τ

Ω=  
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)(cos))()(21)(1(cos2)(
211

1 τττ
τ
τ BkxRRMx

d
dv

⋅Ω−−−+= , 

)(cos))(2)(1)(1(cos2)(
212

2 τττ
τ
τ BxRRMkx

d
dv

⋅−−−+Ω= , 

)(cos
)(1 τ

τ
τ

Ckx
d

du
⋅Ω= ,                                   (5.14) 

)(cos)(2 τ
τ
τ Cx

d
du

⋅−= , 

),()1(cos)()1(cos)(
1221 ττ

τ
τ vMkxvMx

d
dB

+Ω++=  

),()1(cos)()1(cos)(
1221 ττ

τ
τ uMkxuMx

d
dC

+Ω−+=  

),(cos)(
1

1 τ
τ
τ vx

d
dN

⋅=  

).(cos)(
2

2 τ
τ
τ vkx

d
dN

⋅Ω=  

roca p  da x  nela cvladia  sxva sidideebTan SedarebiT maSin sistema 

xdeba integrebadi da iyofa or qvesistemad: 

I) )(cos)(1 τ
τ
τ

Ckx
d

du
⋅Ω= , 

)(cos)(2 τ
τ
τ Cx

d
du

⋅−= ,                                     (5.15) 

).()1(cos)()1(cos)(
1221 ττ

τ
τ uMkxuMx

d
dC

+Ω−+=  

aqedan: 
2

2 2 2
1 22

( ) cos ( 1) ( ) cos ( 1) ( ),d C x M C kx M C
d

τ τ τ
τ

= − + −Ω +  

anda 
 

    
2

2
1

( ) ( ) 0d C C
d
τ τ
τ

+Ω =  sadac  (5.16) )1(cos)1(cos 2
22

1
22

1 +Ω++=Ω MkxMx

e.i. miviReT oscilatoris rxevis gantoleba. 
(5. 15) gantolebaTa sistemis amonaxsnia: 

),sin()( 1 ϕττ +Ω= AC  

),cos)(cos(cos)0()( 1
1

11 ϕϕττ −+Ω
Ω

Ω
−=

kxAuu         (5.17) 

),cos)(cos(cos)0()( 1
1

22 ϕϕττ −+Ω
Ω

+=
xAuu  

sadac ,2
2

2
1 AAA +=   ,

2

1
A
Atg =ϕ  ),0(1 CA =  
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.)0()1(cos)0()1(cos

1

1221
2 Ω

+Ω−+
=

uMkxuMxA  

SevarCioT sawyisi pirobebi ise rom 0)0( =C  maSin 0=ϕ , garda amisa 

aviRoT 0=x , maSin ,1cos =x  cos 1=kx  da amonaxsni miiRebs ufro martiv 
saxes: 

),sin()( 1ττ Ω= AC  

),1)(cos()0()( 1
1

11 −Ω
Ω
Ω

−= ττ Auu                       (5.18) 

),1)(cos()0()( 1
1

22 −Ω
Ω

+= ττ Auu  

radganac x  nela icvleba swrafad oscilirebad )(1 τu  da )(2 τu  

cvladebTan SedarebiT, amitom )(1 τu  da )(2 τu  SegviZlia ganvixiloT 

rogorc sivrculad damoukidebeli gare signali romelic zemoqmedebas 
axdens gadataniT moZraobaze. 

.0sin)(sin)( 212

2
=Ω++ kxkuxu

d
xd τατα

τ
 

mocemuli gantoleba SegviZlia miviRoT Semdegi hamiltonianidan: 

)cos()(cos)(
2
1

21
2 kxuxuxH τατα Ω−−=  

SemoviRoT Semdegi aRniSvnebi: 

.),)0((),)0((
1

2
2

1
2

2
1

1
1

2

Ω
Ω

=
Ω

−Ω=
Ω
Ω

+=
AAuAu

α
ωαωαω  

.)coscoscos(coscoscos
2
1

011
2
2

2
1

22 VHkxxkxxxH +=Ω⋅−Ω⋅+−−= ττωωω  

sadac kxxxH coscos
2
1 2

1
22

0 ωω −−=  aris SeuSfoTebeli hamiltoniani, 

xolo  

))cos()cos()cos()(cos(
2

)coscoscos(cos

1111

2
2

11
2
2

ττττω

ττω

Ω−−Ω+−Ω−+Ω+

=Ω⋅−Ω⋅=

xkxxx

kxxV
 

aris gare SeSfoTeba. 

im SemTxvevaSi rodesac 1

2

1f

f

k
k

k
= = , atomis moZraoba qvanturi rezonatoris 

SigniT akmayofilebs Semdeg gantolebas: 

( ) ( )( ) ( )
2

1 22 0 0 sin 0d x u u x
d

α
τ

+ + = .                                  (5.19) 

(6.19) gantolebis amonaxsnebi SeiZleba mocemul iqnas elifsuri 
funqciebiT: 

( )
( )

0
0

0

, , 1,
2

,1/ , 1.

cndx p
d dn

τω
ω

τ τω

Θ Θ ≤⎧⎪= = Θ ⎨
Θ Θ Θ ≥⎪⎩

                              (5.20) 
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sadac ( )2
0

1 1 / ,
2

H ωΘ = +  ( ) ( )( )2
0 1 20 0 ,u uω α= +  

( ) ( )(
2

2
0

0
cos 0

2
p

H ω= − )x  da ( )...cn ,  

( )...dn  aris iakobis elifsuri funqciebi [116].  

erT-erTi am amonaxsnebidan ( )...cn  Seesabameba Caketil fazur 

traeqtoriebs, rac niSnavs rom raRac drois intervalis Semdeg sistema 
daubrundeba sawyis mdgomareobas. Mmeore  amonaxsni Seesabameba Ria 
fazur traeqtoriebs. 

II) ,cos)()(
1

1 xv
d

dR
τ

τ
τ

=  

,cos)()(
2

2 kxv
d

dR
τ

τ
τ

Ω=                   (5.21) 

)(cos))()(21)(1(cos2)(
211

1 τττ
τ
τ BkxRRMx

d
dv

⋅Ω−−−+= , 

)(cos))(2)(1)(1(cos2)(
212

2 τττ
τ
τ BxRRMkx

d
dv

⋅−−−+Ω= , 

),()1(cos)()1(cos)(
1221 ττ

τ
τ vMkxvMx

d
dB

+Ω++=  

),(cos)(
1

1 τ
τ
τ vx

d
dN

⋅=  

).(cos)(
2

2 τ
τ
τ vkx

d
dN

⋅Ω=  

Sedegad miviRebT gantolebaTa sistemas: 

,0)1(cos2

)1(cos3)())1(cos)1(cos4()(

1
2

21
2

12
22

1
2

2
1

2

=−+−

−+++Ω+++

KMx

RMxRMkxMx
d
Rd τ
τ
τ

 

                                                                       (5.22) 

.0)1(cos2

)1(cos3)())1(cos)1(cos4()(

2
22

12
22

21
2

2
22

2
2

2

=−+Ω−

−+Ω++++Ω+

KMkx

RMkxRMxMkx
d
Rd τ
τ
τ

sadac 

).()1(cos)()1(cos)(coscos 12
22

21
2 τττ RMkxRMxkxBxK +Ω−+−⋅Ω⋅=  

im miaxloebaSi, rodesac x  nelad cvladia, (5.22) gantolebaTa sistema 
igivea rac [108] naSromSi moyvanili gantolebaTa sistema (gv.162 formula 

5.18) mxolod  da xg cos1 → kxg cos2 Ω→  da Tavisi arsiT warmoadgens 

ori bmuli oscilatoris gantolebaTa sistemas romelic imyofeba gare 
velSi. am gantolebaTa sistemis amonaxsnia: 

)0(]2sin)12(cos[sin)1(cos)( 1
2
11 RvuR ++−++−= λτλτλλτβλτμτ ,  (5.23) 

)0(]2sin)12(cos[sin)1(cos)( 2
2
22 RvuR ++−+−−−= λτλτλλτβλτμτ , 

sadac 

},)()]0()0([{ 2
1

2
22

2
11

2
2

24 KRR λλλλλλμ −+−= −
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)},0()0({ 2
2
11

2
2

3 RR λλλβ −= −
 

}]1)0(2)0(2[{
2
1

21
24 KRRu +−+= − λλ ,                           (5.24) 

)},0()0({
2
1

21
3 RRv += −λ ,2

2
2
1 λλλ +=  

,1cos 11 += Mxλ 1cos 22 +Ω= Mkxλ . 

(5.22) dan SegviZlia miviRoT amonaxsnebi sxva cvladebisaTvis, magaliTad: 

),0(]2sin)12(cos[sin)1(cos)( 1
2
11 NvuN ++−−+−= λτλτλλτβλτμτ  

),0(]2sin)12(cos[sin)1(cos)( 2
2
22 NvuN ++−+−−−= λτλτλλτβλτμτ  

da ase Semdeg. 
 aRsaniSnavia, rom adiabatur SemTxvevaSi  warmoadgens moZraobis 

integrals: 

K

0.dK
dτ

=  

eqsperimentze SeiZleba damzeril iqnas sidideebi: 

( )1R τ , ( )2R τ ,  ( ) ( ) ( )3 1 21R R Rτ τ τ= − − .  

Cven aq ganvixileT SemTxveva rodesac ( )x τ  aris adiabaturi cvladi. 

5.2 ricxviTi Sedegebi 
zogad SemTxvevaSi, rodesac ( )x τ  ar aris adiabaturi cvladi, (5.14) 

sistemis gamokvleva unda moxdes ricxviTi meTodebiT.  rodesac  ( )x τ  ar 

aris adiabaturi cvladi, sistemaSi qaosis warmoqmna sruliad  
SesaZlebelia. Aam SemTxvevaSi sistemis dinamikuri  analizi azrs kargavs 
da unda gadavideT statistikur aRweraze. parametrebi, romlebic 
axasiaTeben sistemas statistikurad, kerZoT kolmogorovis entropia da 
liapunovis eqsponenentebi xdeba mniSvnelovani.  Ees parametrebi 
axasiaTeben sistemis fazuri traeqtoriebis lokalur aramdgradobebs. 
ricxviTi integrebis Sedegebi parametrebis realuri 
mniSvnelobebisaTvis, rac Seesabameba maRali sizustis fabri-peros tipis 
rezonatorebs da realur atomebs, moyvanilia nax. 5.2-ze.   
 qvemoT moyvanil grafikebze yvelgan sawyis pirobebad aRebulia  

,63.5)0(,95.4)0(,0)0(,0)0(,1)0(,19.1)0(,65.1)0( 21321 =−====== vvRRRpx  

.83.6)0(,85.5)0(,91.7)0(,52.6)0( 21 −=−==−= CBuu  

xolo .7.1,6.1,3,5.0,25.1 21 ====Ω= MMkα  
 
 

 97



 
                   a)                                   b)  
 

nax. 5.2 ( )x τ -s τ -ze damokidebulebis grafiki. rogorc grafikidan Cans 

atomis moZraobas rezonatoris SigniT aqvs qaosuri xasiaTi. 

b) ( )p τ -s ( )x τ -ze damokidebulebis grafiki.  

 
                   a)                                    b) 
Nnax.5.3 a) impulsis korelaciuri funqciis furie saxis 

( ) ( ) ( ) ( )
0

exppp G d i Gpω ω τ ωτ
∞

= = ∫ τ  ω  sixSireze damokidebulebis grafiki. 

Kkorelaciuri  funqciis sasruli sigane niSania sistemaSi klasikuri 

dinamiuri stoxasturobis arsebobisa. Bb) -s korelaciuri funqciis 

furies saxis 

)(1 tR
ω  sixSireze damokidebulebis grafiki. 
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                   a)                                     b) 

Nnax. 5.4 a) 3 ( )R t -s korelaciuri funqciis furies saxis ω  sixSireze 

damokidebulebis grafiki b) -s korelaciuri funqciis furies saxis 1( )v t
ω  sixSireze damokidebulebis grafiki 
sistemaSi qaosis arsebobis dasadastureblad  gamovikvlieT sxvadasxva 
fizikuri sidideebis korelaciuri funqciis furies saxe: 

 ( ) ( ) ( ) ,xG x t x tτ τ= +  ( ) ( ) ( ) 2 2
0

exp
1

c
x x

c

G d G i τω τ τ ωτ
ω τ

∞

=
+∫ =      (5.25) 

sadac ( ) ( )
0

1... lim ...
T

T
dt

T→∞
= ∫  aRniSnavs droiT gasaSualebas, cτ  korelaciis 

droa. ricxviTi integrebis Sedegebi zogierTi fizikuri sididisaTvis 
moyvanilia  nax. 5.3-5.4. korelaciuri funqciis furies saxis sasruli 
sigane sistemaSi qaosis arsebobis niSania.  
 QsistemaSi qaosis arsebobis erT-erTi damadasturebeli niSania 
liapunovis eqsponentis maqsimaluri mniSvneloba. sainteresoa Cvens mier 
miRebuli Sedegis Cveulebrivi jeims-komingsis modelis ganxilvisas 
miRebul SedegTan [111] Sedareba. Lliapunovis maqsimaluri eqsponentis 
dasaTvlelad  Cven gamoviyeneT Semdegi algoriTmi, romelic moyvanilia 
SromebSi [12,15,111] da Sedgeba Semdegi procedurebisagan: Cven vxsniT 

sistemas ori gansxvavebuli sawyisi pirobiT: 0x , 0
0 0x x+ , 0

0x ε= , sadac ε  
aris mcire sawyisi manZili fazur traeqtoriebs Soris. Semdeg 

integrebis yoveli bijis Semdeg ( )i ix t x=  Cven vaxdenT sawyisi pirobebis 

gadanomvras: 

0 i
i

i

xx
x
ε

=  da viyenebT ix , 0
i ix x+  rogorc sawyis pirobebs da vagrZelebT ase 

,Nx  0
N Nx x+ -mde. Semdeg liapunovis eqsponenta iwereba Semdegi formiT: 

1

1 ln
N

k

k

x
N ε=

⎛ ⎞Λ = ⎜ ⎟
⎝ ⎠

∑             (5.26) 

 
Lliapunivis maqsimaluri eqsponentis daTvlis rixcviTi Sedegebi 
moyvanilia nax. 5.5-ze. rogorc nax.5.5-dan Cans Cveulebrivi jeims 
komingsis modelis SemTxvevas Seesabameba parametris  nulTan 
tolobis SemTxveva. Aam SemTxvevaSi liapunovis eqsponentis maqsimaluri 
mniSvneloba nulis tolia. Ees Sedegi karg TanxmobaSia SedegTan 
romelic miRebulia [111]. 

0Ω =

 99



  

 
 nax. 5.5 liapunovis eqsponentis maqsimaluri mniSvneloba rogorc 
atomisa da gamosxivebis velis urTierTqmedebis mudmivebis fardobis 

funqcia . ( )2 1/g gΩ =
 

5.3 kvantur-meqanikuri ganxilva, narevi mdgomareobis miReba 
wina paragrafSi naCvenebi ricviTi gamoTvlebis Sedegebidan SegviZlia 
gamovitanoT daskvna rom atomis dinamika rezonatoris SigniT aris 
qaosuri. Kkvantur meqanikuri ganxilvis dros Cven ugulebelvyofT 
atomis moZraobis kinetikur energias, atomis Sida doneTa Soris 
gadasvlis sixSiresTan SedarebiT,  Tumca mxedvelobaSi miviRebT atomis 

moZraobis SemTxveviT xasiaTs rezonatoris SigniT da ganvixilavT ( )x t  

sidides, rogorc droze damokidebul SemTxveviT vineris process. Aamis 
gaTvaliswinebiT Sredingeris gantolebas urTierTqmedebis warmodgenaSi 
aqvs Semdegi saxe: 

                    
( ) ( )ˆd t

i V
dt
ψ

ψ= t

x

                               (5.27) 

sadac urTierTqmedebis operators aqvs Semdegi forma: 

                                      (5.28) ( )
3

3 3
1

ˆ ˆˆ ˆ ˆ ˆcos .fV g b R b R k
αα α α α α

α

+

=

= + ⋅∑
Ddrois sawyis momentSi atomsa da vels Soris urTierTqmedebis 
CarTvamde, atomis da velis mdgomareobebi erTmaneTisagan aris 
gayofili, amitomac talRuri funqcia SegviZlia warmovadginoT rogorc 
atomisa da veils mdgomareobebis talRuri funqciebis pirdapiri 
namravli: 

                     ( )0 atom fieldψ ψ ψ= ⊗                            (5.29) 

sadac  

1 2

1 1

1 2
0 0

,field n n
n n

W n W nψ
∞ ∞

= =

= +∑ ∑     
1 2 31 2 3 ,atom a a aC a C a C aψ = + +  

1

0
0 ,
1

a
⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

                                 2

0
1
0

a
⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

,                    3

1
0
0

a
⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

, 

sadac  cvladebi aRweren velis mdgomareobebs. 
1,2nW
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radgan (5.28)  operators erTmaneTSi gadahyavs mdgomareobebi 3 1a n , 

1 1 1a n + , 3 2a n , 2 2 1a n +     amitom (5.27) gantolebis amonaxsns veZebT 

Semdegi formiT:\ 

( ) ( )

( ) ( ) ( ) ( )
3 1 1 1 3 2 2 21 1 1 1 1 3 2 1 2 21 1

j i

j i

a n j i
a n

a n a n a n a n

t C t a n

C t a n C t a n C t a n C t a n

ψ

+ +

= =

= + + + +

∑

+
     (5.30) 

(5.30)-is CasmiT (5.27)-Si da (5.28), (5.3), (5.4)-is da (5.5) Tanafardobebis 

gamoyenebiT miviRebT Semdeg gantolebaTa sistemas 
j ia nC  koeficientebis 

mimarT: 

( ) ( )

( ) ( )

3 1 1 1 1

1 1 1 3 1

1 1 1

1 1 1

1cos

1cos

a n f a n

a n f a n

di C t g n k x C t
dt
di C t g n k x C t
dt

+

+

⎧ = + ⋅⎪⎪
⎨
⎪ = + ⋅
⎪⎩

                                   (5.31)   

 

( ) ( )

( ) ( )

3 2 2 2 2

2 2 2 3 2

2 2 1

1 2 2

1cos

1cos

a n f a n

a n f a n

di C t g n k x C t
dt
di C t g n k x C t
dt

+

+

⎧ = + ⋅⎪⎪
⎨
⎪ = + ⋅
⎪⎩

                                   (5.32) 

(5.31) dan miviRebT aseT gantolebaTa sistemas: 

( ) ( )

( ) ( )

1

1

1 1

1 1

cos 1

cos 1

f

f

di A t g k x n A t
dt
di B t g k x n B t
dt

⎧ = ⋅ +⎪⎪
⎨
⎪ = − ⋅ +
⎪⎩

                                   (5.33) 

sadac ( ) ( ) ( )
3 1 1 1 1 ,a n a nA t C t C t+= +  ( ) ( ) ( )

3 1 1 1 1a n a nB t C t C t+= − .                (5.34) 

(5.33) gantolebaTa sistemis amonaxsnia: 

( )
( )1 1

0

1cos ' '

1

t

fi g n k x t dt

A t C e
− +∫

= ,  ( )
( )1 1

0

1cos ' '

2

t

fi g n k x t dt

B t C e
+∫

=                       (5.35) 

(5.34)-dan (5.35) Tanafardobebis gamoyenebiT miviRebT: 
 

( ) ( )1 11 1
0 0

3 1

cos ' ' cos ' '
1 2

2 2

t t

f fi k x t dt i k x t d

a n
C CC e e

λ λ− ∫ ∫
= +

t

 ,                                  (5.36)    

( ) ( )1 11 1
0 0

1 1

cos ' ' cos ' '
1 2

1 2 2

t t

f fi k x t dt i k x t d

a n
C CC e e

λ λ−

+

∫ ∫
= −

t

, 

 

sadac 1 1 1 1g nλ = + , xolo  ( ) ( )
3 1 1 11 10 0a n a nC C C + ,= +  ( ) ( )

3 1 1 12 10 0a n a nC C C + ,= −  

analogiurad (5.32) gantolebaTa sistemidan miviRebT: 

( ) ( )2 22 2
0 0

3 2

cos ' ' cos ' '
3 4

2 2

t t

f fi k x t dt i k x t

a n
C CC e e

λ λ− ∫ ∫
= +

dt

,                                  (5.37) 

( ) ( )2 22 2
0 0

2 2

cos ' ' cos ' '
3 4

1 2 2

t t

f fi k x t dt i k x t

a n
C CC e e

λ λ−

+

∫ ∫
= −

dt
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sadac 2 2 2 1g nλ = + , xolo  ( ) ( )
3 2 2 23 10 0a n a nC C C + ,= +  ( ) ( )

3 2 2 24 10 0a n a nC C C += − , 
sistemis simkvrivis matrica aris atomisa da velis simkvrivis matricebis 
pirdapiri namravli: 

                    *
i j k lijkl atom fiels a n a nC Cρ ρ ρ= ⊗ = ⋅                          (5.38) 

sadac ( )...  niSnavs statistikur gasaSualebas. 

Tu CavsvavaT (5.36) da (5.37) gamosaxulebebs (5.38)-Si advili sanaxavia rom 
simkvrivis matricis aradiagonaluri elementebi Seicavs Semdegi tipis 
interferenciul wevrebs : 

( ) ( ) ( )*

0

0 0 exp '
i j k l

t

a n a nC C i t dtω
⎡ ⎤
⎢
⎣ ⎦
∫ '⎥                                            (5.39) 

sadac ( ) ( )( )11,2' 2 cos 'ft kω λ= x t  anda ( ) ( )( ) ( )( )1 21 2' cos ' cos 'f ft k x t k xω λ λ= ± t . 

( )'x t  sididis SemTxveviTobis gamo ( )'tω  SegiZlia ganvixiloT rogorc 

SemTxveviTi procesi. Uufro zustad eqsponenta  (5.38) formulaSi 

SegviZlia ganvixiloT  rogorc SemTxveviTi procesis ( )'tω -is 

funqcionali: 

                         [ ] ( )
0

exp ' '
t

Q i tω ω dt
⎡ ⎤

= ⎢ ⎥
⎣ ⎦
∫                         (5.40) 

Aamitomac, imisaTvis rom miviRoT simkvrivis matricis aradiagonaluri 

elementebi  (5.40) gamosaxuleba unda gavasaSualoT ( )tω  SemTxveviTi 

funqciis yvela SesaZlo albaTobiT: 

                         [ ] ( )
0

exp ' '
t

Q i tω ω dt
⎡ ⎤

= ⎢ ⎥
⎣ ⎦
∫                     (5.41) 

sadac   ...  aRniSnavs statistikur gasaSualebas: (5.41) gamosaxulebis 

saSualo mniSvneloba SeiZleba gamovTvaloT Tu aviRebT Semdeg 
kontinualur integrals [115]: 

 [ ] ( ) 1
10

0

exp ' ' ... explim
k

t n

N k
N k

t

Q i t dt d d iω ω ω ω ω
→∞ =

Δ →

⎡ ⎤
k Nt P⎡ ⎤

= =⎢ ⎥ Δ⎢ ⎥⎣ ⎦⎣ ⎦
∑∫ ∫         (5.42) 

sadac ( ) ( )1 ,k k
kt t t −Δ = −  ( )0 0,t =  ( )Nt t= , xolo [ ]NP ω  aris 

mravalganzomilebiani normaluri ganawilebis funqcia, romelsac aqvs 
Semdegi saxe: 

[ ] ( ) 1 '
, '

12 ... exp exp
2

N
N N k k

k k k
P d d i C 'kk k kω π λ λ λ ω λ λ− ⎡ ⎤⎡ ⎤

= − −⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦
∑ ∑∫            (5.43)  

sadac kλ  aris ganawilebis parametrebi da  kovariaciuli matrica. 'kkC
(5.42)-is (5.41)-Si CasmiT da integrirebiT miviRebT: 
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[ ]

( )

( ) ( ) ( )

1
1

1 , ' '
, ' 1

1 1 1 2 2 , '
, '

... exp

1 1... exp exp
2 2

1... .... exp
2

N

N k k N
k

N

N k k k k k k k k
k k k

N N N
k k

d d i t P

d d C i t d

d d t t t C t t

ω ω ω ω

λ λ λ λ ω λ ω
π

λ λ δ λ δ λ δ λ

=

=

⎡ ⎤
Δ =⎢ ⎥⎣ ⎦

⎡ ⎤ ⎧ ⎫= × Δ −⎡ ⎤⎨ ⎬⎢ ⎥ ⎣ ⎦⎩ ⎭⎣ ⎦

'k k k k

=

⎡ ⎤
= − Δ − Δ − Δ × − Δ Δ⎢ ⎥

⎣ ⎦

∑∫

∑ ∏∫ ∫

∑∫

   (5.44) 

Sesabamisad [ ]Q ω  funqcionalis saSualo mniSvnelobisaTvis miviRebT: 

[ ] ( ) ( )( ) ( )
"

'
'

, ' 0 0
0

1 1exp , exp ' ',
2 2lim

k

t t
k k

k k
N k k

t

Q C t t t t dω
→∞

Δ →

t C t t
⎡ ⎤⎡ ⎤

= − Δ Δ = −⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦

∑ ∫ ∫         (5.45) 

Nnormaluri SemTxveviTi procesisaTvis ( ) ( )', " ' "C t t C t t= − . Tu SemoviyvanT 

axal cvladebs: ' "t t τ− = , ' "t t ξ+ =  da movaxdenT integrebas ξ  cvladiT, 
miviRebT: 

          [ ] ( )1exp
2

t

t

Q t d Cω τ τ
−

⎡ ⎤
= −⎢

⎣ ⎦
∫ ⎥                                   (5.46) 

 

Tu mxedvelobaSi miviRebT rom ( )C τ -s aqvs gausis forma ( ) 2
0C e α ττ −=  

(5.46)-dan miviRebT: 

            [ ] 0
0

exp
2
tQ Erfπω

α
⎡ ⎤

t α⎡ ⎤≈ −⎢ ⎥⎣ ⎦
⎣ ⎦

                           (5.47) 

sadac ( ) 2

0

2 z
tErf z e dt

π
−= ∫  albaTobis integralia [116] da 01 /α  ( )C τ  

korelaciuri funqciis siganea. Sesabamisad interferenciuli 
wevrebisaTvis gveqneba: 

  ( ) ( ) ( ) ( ) ( )* *
0

00

0 0 exp ' ' 0 0 exp
2i j k l i j k l

t

a n a n a n a n
tC C i t dt C C erf tπω α

α
⎡ ⎤⎡ ⎤ ⎡≈ − ⋅ ⎤⎢ ⎥⎢ ⎥ ⎣⎣ ⎦ ⎦
⎣ ⎦

∫  (5.48) 

(5.47) formulidan gamomdinareobs rom 0 /t α π>  drois Semdeg, adgili 

aqvs interferenciuli wevrebis ganulebas, rac  niSnavs mdgomareobebs 
Soris interferenciis gaqrobas, rac damaxasiaTebelia sufTa 
mdgomareobebisTvis [117]. E Aadgili aqvs talRuri funqciis fazaze 

informaciis dakargvas.    es ki imas niSnavs rom sistema  0 /t α π>  

drois Semdeg gadadis sufTa mdgomareobidan narev mdgomareobaSi. 
amrigad klasikur qaoss qvanturad Seesabameba sistemis gadasvla sufTa 
mdgomareobidan narevSi, rac qvanturi qaosis erT-erTi damaxasiaTebeli 
niSani unda iyos. 

5.4Kkinetikuri aRwera 
wina paragrafSi Cven ganvixileT narevi mdgomareobis miRebis meqanizmi. 
narevi mdgomareobis Camoyalibebis Semdeg qvantur-meqanikuri aRwera 
kargavs azrs  da saWiro xdeba kinetikuri aRweraze gadasvla. qaosuri 
qvantur-meqanikuri sistemis kinetikuri gantoleba pirvelad miRebuli 
iqna [29]-Si kvaziklasikur miaxloebaSi. kerZoT simkvrivis matricis 
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aradiagonaluri elementebis ganuleba, Semowmebuli iqna kvaziklasikur. 
miaxloebaSi. 
vaCvenoT rom sistemis narev mdgomareobaSi gadasvlis procesi aris 
Seuqcevadi. Tu ganvixilavT atoms+veli sistemas adiabaturad 
izolirebuls, maSin misi entropiis nazrdi iqneba nulis toli. Mmagram 
Tu  vels ganvixilavT rogorc Termostats, maSin Cven SegviZlia 
gamovTvaloT atomuri qvesistemis entropiis nazrdi , Tu , maSin 
procesi aris Seuqcevadi.    

SΔ 0SΔ >

  rogorc zemoT avRniSneT  drois sawyis momentSi , atomi ar aris 

dakavSirebuli velTan da mdgomareobis veqtori 

0t =
( )0t =ψ  aris velisa 

da atomis mdgomareobebis pirdapiri namravli: 

                ( )0 atom fieldψ ψ ψ= ⊗                                   (5.49) 

sadac  

1 2

1 2

1 2
0 0

,field n n
n n

W n W nψ
∞ ∞

= =

= +∑ ∑      
1 2 31 2atom a a aC a C a C a3ψ = + +         (5.50) 

radganac (5.28) urTierTqmedebas erTmaneTSi gadahyavs mdgomareobebi: 

         3 1 ,a n  1 1 1a n + ,  3 2 ,a n   2 2 1a n +  

(5.30)-dan da (5.50)-dan Cven miviRebT Semdeg sawyis mdgomareobebs: 

          
( ) ( )
( ) ( )

3 1 1 3 1 1 1 1

3 2 2 3 2 2 2 2

1 1

1 1

0 , 0

0 , 0
a n n a a n n a

a n n a a n n a

C W C C W C

C W C C W
+ +

+ +

= =

= =

,

,C
                       (5.51) 

Aatomis mdgomareobebis dasaxlebebis albaTobebi ganisazRvreba  

koeficientebis saSualebiT Semdegnairad: 
anC

                ( ) 2

0

, an
n

W t a C
∞

=

= ∑                                        (5.52)  

Tu gaviTvaliswinebT (5.36), (5.37) Tanafardobebs  da (5.51) sawyis 
pirobebebs (5.52)-dan miviRebT: 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 3 1 1 1 1 3 1 1 1

1

2 3 2 1 2 2 3 2 1 2

2

2
*

3 1 1 1
0

2
*

1 1 1 2
0

1,
4

1 ;
4

n a n a n n a n a n
n

n a n a n n a n a n
n

W t a W C W C Q t W C W C Q t

W C W C Q t W C W C Q t

ω ω

ω ω

∞

+ +
=

∞

+ +
=

= + + − 1 +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣

+ + + −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

∑

∑

⎦
  (5.53)        

 

( ) ( ) ( ) ( ) ( )
1 3 1 1 1 1 3 1 1 1

1

2
*

1 1 1 1
0

1,
4 n a n a n n a n a n

n
W t a W C W C Q t W C W C Q tω ω

∞

+ +
=

= + − − 1⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣∑ ⎦ ; 

( ) ( ) ( ) ( ) ( )
2 3 2 1 2 2 3 2 1 2

2

2
*

2 1 1 1
0

1,
4 n a n a n n a n a n

n

W t a W C W C Q t W C W C Q tω ω
∞

+ +
=

= + − − 2⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣∑ ⎦ ; 

(5.53)-Si SemoRebulia Semdegi aRniSvnebi: 

( )( )1,2 1,2

1,2 1,2 1,2 1,2

1,2 1,2 1,2
0

* 1 1
1,2 1,2 1,2 1,2

exp 1 cos ' ' ,

, 1

t

n f

n n n n

Q ig n k x t

Q Q Q Q

ω

ω ω ω ω− −

⎡ ⎤
⎡ ⎤ = − +⎢ ⎥⎣ ⎦

⎣
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

∫
.

dt
⎦                         (5.54) 

(5.53) gamosaxulebebi gvaZlevs donebis dasaxlebas drois nebismieri 
momentisaTvis. Cveulebrivi jeims-komingsis modelSi rezonansul 
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SemTxvevaSi moZraobis dinamika aris regularuli da amitomac doneebis 
dasaxlebebi aris drois perioduli funqciebi [118]. Gganzogadebul 
jeims-komingsis modelSi rezonansul SemTxvevaSi, rogorc vnaxeT 
sistemaSi SesaZlebelia qaosi, amitomac donebis dasaxlebebi aRar arian 
drois perioduli funqciebi da es SesaZleblobas iZleva qvanturi 
qaosis eqsperimentuli damzerisaTvis, radganac eqsperimentze izomeba 
doneebis dasaxlebebs Soris sxvaobebi: 

( ) ( )
3 2 3 2, , ,a aI W t a W t a= −     ( ) ( )

3 1 3, ,a aI W t a W t a= − 1 ,                (5.55) 
(5.53)-dan miviRebT: 

( ) ( ) ( ) [ ] [ ]( )1 3 1 1 1 3 1 1 1 1
1

2 2 2 2 2 2 2 2 2 2
1 1 1 1

0

1 1,
2 4n a n a n a n a n n

n
W t a W C W C W C W C Q Qω ω

∞
−

+ +
=

1
⎡ ⎤= + − − +⎢ ⎥⎣ ⎦

∑ ;           

                                                                         (5.56)  

( ) ( ) ( ) [ ] [ ]( )2 3 2 2 2 3 2 2 2 2
2

2 2 2 2 2 2 2 2 2 2
2 1 1 2

0

1 1,
2 4n a n a n a n a n n

n
W t a W C W C W C W C Q Qω ω

∞
−

+ +
=

2
⎡ ⎤= + − − +⎢ ⎥⎣ ⎦

∑ . 

( ) ( ) ( ) [ ] [ ]( )

( ) ( ) [ ] [ ]( )

1 3 1 1 1 3 1 1 1 1

1

2 3 2 2 2 3 2 2 2 2
2

2 2 2 2 2 2 2 2 2 2
3 1 1 1

0

2 2 2 2 2 2 2 2 2 2
1 1 2 2

0

1 1,
2 4

1 1 .
2 4

n a n a n a n a n n
n

n a n a n a n a n n
n

W t a W C W C W C W C Q Q

W C W C W C W C Q Q

ω ω

ω ω

∞
−

+ +
=

∞
−

+ +
=

1
⎡ ⎤= + + − + +⎢ ⎥⎣ ⎦

⎡ ⎤+ + + − +⎢ ⎥⎣ ⎦

∑

∑
 

(5.56)-dan (5.47)-is gamoyenebiT miviRebT: 

( ) ( )1 3 1 1
1

2 2 2 2
1 1

0

1,
2 n a n a

n
W t a W C W C

∞

+
=

⎡ ⎤= +⎢ ⎥⎣ ⎦
∑ ; 

( ) ( 2 3 2 2
2

2 2 2 2
2

0

1,
2 n a n a

n
W t a W C W C

∞

+
=

)1
⎡ ⎤= +⎢ ⎥⎣ ⎦

∑ ;                                  (5.57) 

( ) ( ) ( )3 1, , ,W t a W t a W t a= + 2 . 

1,2

2
nW  aRwers velis mdgomareobebs rezonatoris SigniT da moicema 

puasonis ganawilebiT [119].  

( )1,2

1,2

1,2 1,22

1,2

exp
,

n

n

n n
W

n
−

=                                                    (5.58) 

 
Ddrois sawyis momentSi, rodesac atomi da veli erTmaneTTan 

dakavSirebuli ar arian   koeficientebi gansazRvraven atomis 

doneTa dasaxlebebis albaTobebs  da maTTvis  sruldeba piroba: 
1
,aC

2
,aC

3aC

 . 
1 2 3

2 2 2 1a a aC C C+ + =
davuSvaT, rom drois sawyis momentSi atomi myofeba ZiriTad 
mdgomarebaSi: 

( ) ( ) ( ) ( )
1 1 2 3

2
0 0 1, 0 0a a a at C t t tρ ρ= = = = = = = = 0.ρ

0 0

                  (5.59) 

Sesabamisad sawyisi entropia aris nulis toli: 

( ) ( ) ( )
3

1

0 0 ln
i i

i

a a
a

S t t tρ ρ
=

= = − = = =∑                                  (5.60) 

sistema imyofeba sufTa kvantur mdgomareobaSi. 
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0t t>  drois Semdeg sadac  doneeebs Soris gadasvlis droa, 

atomma gare velTan urTierqmedebis gamo SeiZleba Seasrulos bevri 
gadasvla erTi donidan sxva doneebze,  am mizezis gamo imis albaToba 
rom atomi aRmovaCinoT sxva doneebzec gaxdeba nulisagan gansxvavebuli: 

0 ~ 1/t 0g

t>
1 2 3 00, 0, 0,a a aC C C t≠ ≠ ≠                                         (5.61) 

Ees moxdeba droiT intervalSi: 

                             0
0t t α

π
< <                                 (5.62) 

Ddrois am intervalSi (5.53) gamosaxulebebis interferenciuli wevrebi 
iqnebian nulisagan gansxvavebuli, magram (5.49) sawyisi mdgomareobisagan 
gansxvavebiT sistema (5.62)  droiT intervalSi aRiwereba (5.30) talRuri 
funqciiT, rac warmoadgens atoms + veli mdgomareobebis superpozicias. 
simetriidan gamomdinare (5.61) koeficientebi unda akmayofilebdnen 
pirobas: 

1 2 2

0 0
0 0 0~ ~a a aC t t C t t C t t Cα α α

π π π
⎛ ⎞ ⎛ ⎞ ⎛ ⎞

< < < < < <⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

0 ~ .⎟⎟                  (5.63)     

0t α
π

>  drois Semdeg xdeba interferenciuli wevrebis gaqroba da 

sistemis gadasvla narev mdgomareobaSi. am dros doneebis dasaxlebebi 
moicema  ara (5.61)  koeficientebiT aramed (5.57) formulebiT.  
imisaTvis rom ganvsazRvroT dasaxlebebi unda gamoviyenoT (5.57), (5.58), 
(5.63) formulebi da gamoviyenoT normirebis piroba: 

( ) ( ) ( )1 2 3, , ,W t a W t a W t a+ + 1=                                     (5.64) 

(5.57), (5.58) da (5.63) formulebis gamoyenebiT miviRebT: 

                        
1

2 1
4 n

C
e e− −

=
− − 2n

                                (5.65)  

( )
1

1 21
1 / 2, ,

4

n

n n

eW t a
e e

−

− −

−
=

− −
   ( )

2

1 22
1 / 2, ,

4

n

n n

eW t a
e e

−

− −

−
=

− −
   

( )
1 2

1 2 1 23
1 / 2 1 / 2,

4 4

n n

n n n n

e eW t a
e e e e

− −

− − − −

− −
= +

− − − −
,                                   (5.66) 

rodesac 1 1,n >>  2 1n >>  maSin (5.66) formulebis gamoyenebiT dasaxlebebis 

albaTobebisaTvis miviRebT: 

( )
1 1

1, ,
4a W t aρ = =  ( )

2 2
1, ,
4a W t aρ = = ( )

3 3
2,
4a W t aρ ,= =             (5.67) 

e.i. aRgznebuli mdgomareoba 
3aρ  aRmoCnda orjer ufro metad 

dasaxlebuli vidre qveda doneebi. 
(5.67)-dan entropiisaTvis miviRebT: 

3
0

2
1

1 1 1 1 1 1 1ln ln ln ln ln8
4 4 4 4 2 2 2i ia a

n
S t α ρ ρ

π =

⎛ ⎞ ⎛ ⎞> = − = − + + =⎜ ⎟ ⎜⎜ ⎟ ⎝ ⎠⎝ ⎠
∑ ⎟                (5.68) 

(5.60) da (5.68)-dan entropiis nazrdisaTvis miviRebT; 

( ) ( )0
2 1 0 ln 2 2S S t S tα

π
⎛ ⎞

Δ = > − = = >⎜ ⎟⎜ ⎟
⎝ ⎠

0                                 (5.69) 

Eese igi procesi aris Seuqcevadi. 
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5.5 daskvna 
Cven ganvixileT samdoniani atomis dinamika optikur rezonatorSi, 
rodesac masze moqmedebs rezonatoris gamosxiveba. Cveni amocanis 
specifika mdgomareobs imaSi, rom akrZalulia 1 da 2 doneebs Soris 
gadasvlebi [107-109]. Ees asimetria xdis gansaxilvel amocanas ufro 
rTuls da gansxvavdeba adre ganxiluli modelisagan [120]. aseTi 
sistemebis mimarT interesi gamowveulia imiT rom SesaZlebelia maTi 
gamoyeneba qvanturi kompiuteris Seqmnis saqmeSi. Aam dros wamoiWreba 
aseTi sakiTxi, rodis aris SesaZlebeli aseTi sistemebis kontroli da 
maTSi mimdinare procesebi Seqcevadi? imisaTvis rom pasuxi gagveca  am 
kiTxvaze ganvixileT yvelaze zogadi SemTxveva rodesac, atomis 
urTierTqmedeba rezonatorTan damokidebulia atomis mdebareobaze 
rezonatoris SigniT.  gansxvavebiT Cveulebrivi jeims-komingsis 
modelisagan, sadac rezonansul SemTxvevaSi, rodesac atomis Sida 
gadasvlebis sixSire emTxveva velis sixSires, sistemis dinamika aris 
regularuli,  Cvens SemTxvevaSi rezonansul SemTxvevaSi sistemaSi 
SesaZlebelia qaosi da xdeba sistemis Seuqcevadi gadasvla sufTa 
qvantur-meqanikuri mdgomareobidan narevSi. Ddro, romelic saWiroa 

narevi mdgomareobis Camosayalibeblad 0 /t α π>  ganisazRvreba ( )tω  

SemTxveviTi sididis avtokorelaciuri funqciiT. rogorc aRmoCnda zeda 
done aRmoCnda orjer ufro metad dasaxlebuli  qveda doneebTn 
SedarebiT, rac sistemaSi asimetriis arsebobis Sedegia.   
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6.Tavi ori bmuli atomis qaosuri dinamika optikur 
rezonatorSi [123] 

6.1 Sesavali 
 rogorc avRniSneT jeims-komingsis modeli warmoadgens erT-erT 
sabaziso models qvanturi rezonatorebis eleqtrodinamikis 
Sesaswavlad.  mbrunavi talRebis miaxloebaSi ordoniani atomis 
urTierTqmedeba gamosxivebis velTan SeiZleba aRiweros hamoltonianiT 
[99] : 

( )(
2

0

ˆ ˆ ˆ ˆ ˆˆ ˆˆ
2
PH b b R b S
m

ω + + −= + + Ω +
G

= = )bS +                                       (6.1) 

sadac   da R̂ P̂  aris atomis mdebareobis da impulsis operatori. xolo 

( )R̂Ω

0

 aris bmis mudmiva atomisa  gamosxivebis velTan. Ggadasvlebi 

atomis or dones Soris, romlebic erTmaneTisgan gamoyofilni arian 

ω= energiiT aRiwereba spinis operatorebiT: S ± Dda , xolo zS b̂+  da  

Sesabamisad aris fotonis dabadebis da gaqrobis operatori.  

b̂

 rogorc (6.1) hamiltonianidan Cans hamiltoniani damokidebulia sam 
sivrciT koordinatze, magram raRac pirobebSi is SeiZleba dayvanil 
iqnas erT ganzomilebian SemTxvevaze: 

   ( ) ( )
2

0 0

ˆ ˆ ˆ ˆ ˆˆ ˆˆ cos
2
PH b b g b S bS
m

ω + + − += + + += = kx                               (6.2) 

(6.2) hamiltoniani aris saintereso kvanturi gamoTvlebis TvalsazrisiT, 
vinaidan ordoniani- atomi + rezonatori SeiZleba ganxilul iqnas 
rogorc kubiti [87-90,102], anu qvanturi biti romelic qvanturi 
kompiuteris da qvanturi gamoTvlebis baziss Seadgens. Uufro zustad 
rom vTqvaT kubiti aris iseTi kvantur-meqanikuri sistema romelsac 
SeuZlia imyofebodes or kvantur-meqanikur mdgomareobaSi da iseT 
mdgomareobebSi romelic am mdgomareobebis superpozicias warmoadgens. 
Ppraqtikuli gamoyenebis TvalsazrisiT didi mniSvneloba aqvs aseTi 
sistemebis zust kontrols. kerZod [111]-Si  Seswavlili iyo (6.2) 
hamiltoniani da rogorc am SromaSi iyo aRniSnuli aseT sistemis zusti 
kontroli maSin aris SesaZlebeli, rodesac gvaqvs zusti Tanxvedra 
sistemis Sida gadasvlebis sixSiresa da gare gamosxivebis sixSires 
Soris, e.w. rezonansuli SemTxveva. Aararezonansul SemTxvevaSi 
SesaZlebelia qaosi da sistemas veRar vakontrolebT.   

imis gamo rom sistemaSi gvaqvs gamosxivebis veli, SesaZlebelia 
moxdes arapirdapiri urTierTqmedeba ordoniani atomis spinebs Soris, 
romelic (6.2) hamiltonianSi ar aris gaTvaliswinebuli. aseTi 
urTierTqmedeba kargad aris cnobili magnitur rezonansSi [121]. 
imisaTvis rom miviRoT arapirdapiri urTierTqmedebis Hhamiltoniani, Cven 
gamoviyeneT frolixis meTodi [122]. Aam meTodis Tanaxmad hamiltoniani 
romelic aRwers arapirdapir urTierTqmedebas atomebs Soris SeiZleba 
miRebul iqnas gamosaxulebidan: 

( ) ( ) ( )
0

2 2 2
0 cos ' ' , 0 ,

2 f
i g k x dt H t H

−∞

⎡⎣∫= ⎤⎦                               (6.3) 

sadac: 
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( ) ( ) (
( )

( )

)

( )0 0

1 2 1 2

0 0 1 2

ˆ ˆ

ˆ ˆˆ ˆ ˆ ˆˆ 0

ˆ ˆˆˆ

ˆ ˆ 0

z z

i iH t H t

H b S S b S S

H S S b b

H t e H e

ω ω

+ − − + +

+

−

= + + +

= + +

= = =

= =                            (6.4) 

(6.3) gamosaxulebaSi mxedvelobaSi unda miviRoT is faqti, rom atomebi 
imdenad axlos arian erTmaneTTan, rom sakmaod kargi miaxloebiT maTi 
koordinatebi SecvaloT am sistemis masaTa centris koordinatebiT. 

  wevri (6.3) gamosaxulebaSi SegviZlia warmovadginoT 

Semdegnairad: 

(cos fk x)

)

( ) ( )( )2cos 1/ 2 1 cos 2 1/ 2.f fk x k x= + ≈                                     (6.5) 

 
maSin rodesac (6.3) gamosaxuleba warmoadgens meore rigis efeqts, Tavis 

mxriv  Sesworeba warmoadgens mesame rigis efeqts da axdens 

arapirdapiri urTierTqmedebis modulacias. (6.3)-(6.5)-dan Cven miviRebT: 

(cos 2 fk x

( ) (
2
0

int 1 2 1 2
0

ˆ ˆ ˆ ˆˆ
2

gV S S
ω ω

+ − − +=
− )S S+                                      (6.6)              

(6.6) aRwers ordoniani atomebis spinebs Soris urTTierTqmedebas, 
romelic gamowveulia rezonatoris veliT. 
(6.6) gadavweroT Semdegnairad     

( )int 1 2 1 2
ˆ ˆ ˆ ˆV̂ S S S S+ − − += Ω + , 2

0 0/ 2g ωΩ = Δ , 0 0ω ω ωΔ = − ,                       (6.7) 

rogorc (6.6)-(6.7)  gamosaxulebidan Cans  arapirdapiri urTierTqmedebis 

roli gansakuTrebiT mniSvnelovani xdeba rezonansul SemTxvevaSi 0ω ω≈ , 

romlis ganxilvasac qvemoT vapirebT. 
  

6.2. arawrfivi qvanturi dinamika. 
 rogorc zemoT avRniSneT Cveni mizania SeviswavloT jeims-komingsis 
modeli atomebs Soris arapirdapiri urTierTqmedebis gaTvaliswinebiT. 
Tu mxedvelobaSi miviRebT masaTa centris moZraobas da arapirdapir 
urTierTqmedebas atomebs Soris maSin, hamiltoniani ori ordoniani 
atomisaTvis miiRebs aseT saxes:  

      

2ˆˆ ˆ ˆ
2 S SB
p ˆ

BH H H H
m

= + + +                                       (6.8) 

2ˆ
2
p
m

 aRwers atomebis masaTa centris moZraobas rezonatorSi. 

( ) (1 2 1 2 1 2
ˆ ˆ ˆ ˆ ˆ ˆˆ z z

S a )H S S S S S Sω + − − += + + Ω += =  aRwers am hamiltonianis spinur nawils,  

( )1 2 1 2
ˆ ˆ ˆ ˆS S S S+ − − +Ω +=   aRwers atomebs Soris arapirdapir urTierTqmedebas, Ω  

urTierTqmedebis  mudmivia.  

(0 1 2 1 2
ˆˆ ˆ ˆ ˆˆ ˆcos ( ) ( )SB f )ˆH g k x S S b S S b+ + − − += − ⋅ + + +=

ˆ

 aRwers atomebis urTierTqmedebas 

gare eleqtromagnitur velTan,   atomi+veli  urTierTqmedebis 

amplitudaa, es urTierTqmedeba damokidebulia sistemis masaTa centris 
0g

x  mdebareobaze rezonatoris SigniT. 
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(6.8) gamosaxulebis bolo wevri : 
ˆ ˆˆ

B fH b bω += = , aRwers rezonatoris eleqtromagnitur vels romelic 

SegviZlia ganvixiloT rogorc Termostati. 
  aRniSnuli (6.8) hamiltoniani gadaiwereba Semdegnairad: 

( ) ( )
( )

2

1 2 1 2 1 2

0 1 2 1 2

ˆˆ ˆ ˆ ˆ ˆ ˆ
2
ˆ ˆˆ ˆ ˆ ˆ ˆcos ( ) ( )

z z
a

f f

pH s s s s s s
m
b b k x s s b s s b

ω

ω

+ − − +

+ + + −

= + + + Ω + +

+ − Ω ⋅ + + +

= =

= = ˆ− +

z

.

               (6.9) 

mocemuli hamiltoniani aris jeims-komingsis tipis, romelic aRwers 
ordoniani atomebis  erTmaneTTan urTierTqmedebas da urTierTqmedebas 
rezonatoris eleqtromagnitur velTan. 

1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆ, , , , ,zb b S S S S+ ± ±  operatorebi akmayofileben Semdeg komutaciur 

Tanafardobebs [105-106, 110] 

ˆ ˆ[ , ] 1,b b+ = 1 1 1
ˆ ˆ ˆ[ , ]zS S S± ±= ± , 2 2 2

ˆ ˆ ˆ[ , ]zS S S± ±= ± , 1 1 1
ˆ ˆ ˆ[ , ] 2 zS S S+ − = ,            (6.10)            2 2 2

ˆ ˆ ˆ[ , ] 2 zS S S+ − =
davweroT haizenbergis moZraobis gantolebebi operatorebisTvis: 

ˆˆ ,d px
dt m

=  

( )0 1 1 2
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆsin ( ) ( ) ,f f

d p k k x S b S b S b S b
dt

− + + − + += − Ω + + += 2  

1 1 1 2 0 1
ˆˆ ˆ ˆ ˆ ˆ ˆ2 2 cos(a z z

d S i S i S S i S b k x
dt

ω+ + + += − Ω + Ω ),f  

1 1 1 2 0 1
ˆˆ ˆ ˆ ˆ ˆ ˆ2 2 cos(a z z

d S i S i S S i S b k x
dt

ω− − −= − + Ω − Ω ),f                          (6.11)       

( ) ( )1 0 1 1 1 2 1 2
ˆ ˆˆ ˆ ˆ ˆ ˆˆcos( ) ,z f

d S i k x S b S b i S S S S
dt

− + + + − − += − Ω − − Ω − ˆ ˆ  

2 2 2 1 0 2
ˆˆ ˆ ˆ ˆ ˆ2 2 cos(a z z

d ˆ),fs i s i s s i s b k x
dt

ω+ + + += − Ω + Ω  

2 2 2 1 0 2
ˆˆ ˆ ˆ ˆ ˆ2 2 cos(a z z

d s i s i s s i s b k x
dt

ω− − −= − + Ω − Ω ˆ),f  

( ) ( )2 0 2 2 2 1 2
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆcos( ) ,z f

d
1ˆ ˆs i k x s b s b i s s s s

dt
− + + + − − += − Ω − − Ω −  

( )0 1
ˆ ˆ ˆ ˆ ˆcos( )f f

d b i b i k x s s
dt

ω+ + += − Ω + 2
+ , 

( )0 1
ˆ ˆ ˆ ˆ ˆcos( ) .f f

d b i b i k x s s
dt

ω − −= − + Ω + 2

'
z

 

gadavideT mbrunav koordinatTa sistemaze: 
'' ' '

1,2 1,2 1,2 1,2 1,2 1,2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , ,f f f fi t i t i t i t

zb be b b e s s e s s e s sω ω ω ω− −+ + − − + += = = = =        

Sedegad operatorebisaTvis miviRebT Semdeg moZraobis gantolebebs: 
ˆˆ ,d px

dt m
=  

( )0 1 1 2
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆsin ( ) ( ) ,f f

d
2p k k x S b S b S b S b

dt
− + + − + += − Ω + + +=  

1 1 1 2 1
ˆˆ ˆ ˆ ˆ ˆ ˆ( ) 2 2 cos( ),f a z z f

d S i S i S S i S b k x
dt

ω ω+ + + += − − − Ω + Ω  
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1 1 1 2 0 1
ˆˆ ˆ ˆ ˆ ˆ ˆ( ) 2 2 cos(f a z z f

d S i S i S S i S b k x
dt

ω ω− − −= − + Ω − Ω ),                   

2 2 2 1 0 2
ˆˆ ˆ ˆ ˆ ˆ ˆ( ) 2 2 cosf a z z f

d S i S i S S i S b k
dt

ω ω+ + + += − − − Ω + Ω ,x                            (6.12) 

2 2 2 1 0 2
ˆˆ ˆ ˆ ˆ ˆ ˆ( ) 2 2 cos(f a z z f

d S i S i S S i S b k x
dt

ω ω− − −= − + Ω − Ω ),  

( ) ( )1 0 1 1 1 2 1
ˆ ˆˆ ˆ ˆ ˆ ˆˆcos( ) ,z f

d S i k x S b S b i S S S S
dt

− + + + − − += − Ω − − Ω − 2
ˆ ˆ  

( ) ( )2 0 2 2 2 1 2 1
ˆ ˆˆ ˆ ˆ ˆ ˆˆcos ,z f

d S i k x S b S b i S S S S
dt

− + + + − − += − Ω − − Ω − ˆ ˆ  

( )0 1
ˆ ˆ ˆˆcos ,f

d b i k x S S
dt

+ += − Ω + 2
+

 

( )0 1
ˆ ˆ ˆˆcos( ) .f

d b i k x S S
dt

− −= Ω + 2  

 gavasaSualoT da SemoviRoT axali cvladebi saSualo 
mniSvnelobebisaTvis [111]: 

ˆ 1 1ˆ ˆ ˆ ˆˆ , , , ,
2 2f x y

f

p
k x p b b b b b b

k i
+ += = = + = −

=
  1 1 1 1 1 1

1 1ˆ ˆ ˆ ˆ, ,
2 2x ys S S s S S

i
− + − += + = −  x

2 2 2 2 2
1 1ˆ ˆ ˆ ˆ, ,
2 2x ys S S s S S

i
− + − += + = − 2   

( )2

0
0 0 0

, , ,f afk
t

m
ω ω

α δ β τ
− Ω .= = =

Ω Ω Ω

=
= Ω  

Sedegad moZraobis gantolebebi saSualo mniSvnelobebisaTvis ase 
daiwereba: 

,d x p
d

α
τ

=  

( ) ({ )}1 1 2 22sin x x y y x x y y
d p x s b s b s b s
dτ

= − + + + b , 

1 1 1 12 cos 2 2 ,x y z y z
d

ys s s b x s s
d

δ
τ

= − + − β                            (6.13) 

1 1 1 1 22 cos 2y x z x z
d ,xs s s b x s s
d

δ β
τ

= − +  

( ) (1 1 1 1 2 12cos 2 ,z y x x y x y
d s x s b s b s s s s
d

β
τ

= − + − )2y x  

2 2 2 22 cos 2 1 ,x y z y z
d s s s b x s s
d

δ β
τ

= − + − y  

2 2 2 22 cos 2y x z x z
d s s s b x s s
d

δ β
τ

= − + 1 ,x  

( ) (2 2 2 2 1 22cos 2 ,z y x x y x y
d )1y xs x s b s b s s s s
d

β
τ

= − + −  

( )1 2cos ,x y
d b x s s
dτ

= − + y  

( )1 2cos .y x
d b x s s
dτ

= − + x  
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(6.13) gantolebaTa sistemidan advilia imis Semowmeba, rom inaxeba Semdegi 
sidideebi: 

2 2 2 2
1 1 1 1 ,x y zS s s s= + +  

2 2 2 2
2 2 2 2 ,x y zS s s s= + +  

 2 2
1 2 ,x y z zN b b s s= + + +                                                (614) 

( ) ( ) ( ){ } ( )
2

1 2 1 2 1 1 2 2 1 22 2cos
2

.x x y y x x y y x x y y z z
pW s s s s s b s b s b s b s sα β δ= + + − + + + − +  

gadavideT axal cvladebze: 

( ) ( )1 1 1 2 2 22 , 2x x y y x x y yu s b s b u s b s b= + = + ,

) ,
 

( ) (1 1 1 2 2 22 , 2y x x y y x x yv b s b s v b s b s= − = −  

( ) ( )1 2 1 2 1 2 1 2, ,x y y x x x y yg s s s s f s s s s= − = +   

Sedegad (6.13) moZraobis gantolebebisa da (6.14) Senaxvis kanonebis 
gamoyenebiT, miviRebT Semdeg moZraobis gantolebebs axali 
cvladebisaTvis: 

,d x p
d

α
τ

=  

{ }1 22sin ,d p x u u
dτ

= − +  

1 12 cos 2 ,z
d s v x
d

gβ
τ

= − +                                               (6.15) 

2 22 cos 2 ,z
d s v x g
d

β
τ

= − −  

1
1 1 22 2 coz

du v s v g
d

δ β
τ
= + − s ,x  

2
2 2 12 2 coz

du v s v g
d

δ β
τ
= + + s ,x  

( )2 21
1 1 1 1 1 22cos 3 2 2 2 ,z z z z z

dv u x S s Ns s s f s
d

δ β
τ
= − + − + − + − 1 2u  

( )2 22
2 2 2 2 1 22cos 3 2 2 2 ,z z z z z

dv u x S s Ns s s f s
d

δ β
τ
= − + − + − + − 1 2u  

( ) ( ) (2 2 2 2
1 2 2 1 1 2 2 2 1 1cos 2 2z z z z z

dg )zx s u s u s S s s S s
d

β β
τ
= − − − + − , 

( )1 2 2 1 cos .z z
df s v s v x
dτ

= +  

mocemuli (6.15) gantolebaTa sistemis analizuri amoxsna ar xerxdeba 
maSinac ki rodesac 0.δ =  gansxvavebiT Cveulebrivi jeims koomingsis 
modelisagan,  sistema araintegrebadia. radganac (6.15) sistema arawrfivia   
SeiZleba parametrebis da sawyisi pirobebis ise SerCeva, rom miviRoT 
qaosuri amonaxsnebi. Tu es asea maSin ori kubitisgan Semdgari sistemis 
kontroli SeuZlebelia. 
magaliTad Tu aviRebT parametrebis Semdeg mniSvnelobebs 

0,δ = 0.01,α = 0.5,β = 2 2
1 2

3 ,
4

S S= = 10N =  maSin sawyisi pirobebis SerCeviT 

SegviZlia mivaRwioT imas rom sistemaSi gaCndes qaosi (ix. nax 6.1). 
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                 a)                                       b) 

nax.6.1  a) naxazze mocemulia ( )x τ -s τ -ze damokidebulebis grafiki. 

grafiki agebulia sawyisi parametrebis zemoT aRniSnuli 
mniSvnelobebisaTvis, sawyis pirobebad aRebulia: uwyveti xazisaTvis 

, ( )0 1.6x = ( )0 9.1p = ,  ( )1 0zs = 0.863 , ( )2 0 0.863z =s  ,  

  

( )1 0 0.00008145u =

( )2 0 0u = .000082452, ( )0 =1v 0.00008325, ( )0 0.00008416,=2v   

wyvetili xazisaTvis aRebulia 

( )0 0.0000845g =

( )0 0f = .0000846. ( )0 1x = .61 xolo danarCeni 

paremetrebi aRebulia igive. rogorc grafikidan Cans, sawyisi pirobebis 

mciredi gansxvaveba iwvevs ( )x τ -s τ -ze damokidebulebis did gansxvavebas, 

amasTan rogorc naxazidan Cans moZraobas aqvs araregularili da 
qaosuri xasiaTi da Cven ar SegviZlia viwinaswarmetyveloT sistemis 

saboloo mdgomareoba.  Bb)  naxazze mocemulia ( )p τ -s τ -ze 

damokidebulebis grafiki. rogorc grafikidan Cans sistemaSi gvaqvs 

qaosuri rxeviTi reJimi ( )p τ  cvladis mimarT. grafiki agebulia sawyisi 

parametrebis zemoT aRniSnuli mniSvnelobebisaTvis,   

 
                    a)                                       b)  

nax.6.2 a) korelaciuri funqciis ( ) ( )pG P t P tτ= +  furie saxe 

( ) ( ) ( ) ( )exppp G d i Gpω ω τ ωτ= = ∫ τ . korelaciuri funqciis sasruli  sigane 

qaosis damadasturebeli niSania. Kkorelaciuri funqciis furies saxe 1zs  

cvladisaTvis. Ggrafikebi agebulia, parametrebis zemoT miTiTebuli 
mniSvnelobisaTvis. 
rogorc am grafikebidan Cans moZraobas aqvs araregularuli da qaosuri 
xasiaTi maSinac ki roca 0δ = .  
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sistemis qaosuri dinamikis dasadastureblad Cven SevamowmeT 
kolmogorovis entropia, romelic miiReba  korelaciuri funqciis furie 
saxidan: 

( ) ( ) ( )

( ) ( ) 2 2

,

1
i c

c

G t t

G G e dωτ

τ η τ η

τω τ τ
ω τ

= +

= =
+∫

                                     (6.16) 

sadac ( )tη  aRniSnavs CvenTvis saintereso dinamiur cvlads da ( )...  

niSnavs  droiT gasaSualoebas: ( ) ( )
0

1... ...lim
T

T
dt

T→∞

= ∫ . cτ  sidide aris 

korelaciis dro romelic dakavSirebulia kolmogorovis entropiasTan 

Semdegnairad [12,30]:                 1
0 ~ ch τ −                            

(6.16) gamosaxuleba SeiZleba daiTvalos swrafi furie gardaqmnis 

meTodiT [60]. ricxviTi Sedegebi  da p ,1zs cvladebisaTvis moyvanilia 

nax.6.3-ze. korelaciuri funqciis sasruli sigane sistemaSi qaosis 
arsebobis damadasturebeli niSania [30].                    
sistemaSi qaosis kidev erTi damadasturebeli niSania liapunovis 
eqsponentis maqsimaluri mniSvneloba.  Lliapunovis eqsponentis 
maqsimaluri mniSvnelobis gamoTvlis algoriTmi moyvanili iyo wina 
TavSi, [12,15,111]  Sromebze dayrdnobiT. Aam algoriTmis gamoyenebiT 
daTvlili liapunovis maCvenebeli parametrebis zemoTmoyvanili 
mniSvnelobebisaTvis gamodis dadebiTi 0.52λ = , roca gvaqvs rezonansuli 
SemTxveva 0δ = , rac sistemaSi qaosis arsebobis kidev erTi 
damadasturebeli niSania. 

6.3.kvantur-statistikuri ganxilva 
rogorc wina paragrafidan Cans, parametrebis raRac garkveuli 
mniSvnelobebisaTvis gvaqvs qaosuri moZraoba rezonansul SemTxvevaSic 
ki. kvantur meqanikuri ganxilvisas Cven ugulebelvyofT atomis 
moZraobis kinetikur energias da moZraobis SemTxveviTi xasiaTi 
SegviZlia gaviTvaliswinoT Tu urTierTqmedebis wevrSi x -s ganvixilavT 
rogorc droze damokidebul SemTxveviT process. 
 urTierTqmedebis warmodgenaSi Sredingeris gantoleba 
Semdegnairad iwereba:  

( )
( )ˆd t

i V
dt

Ψ
= Ψ= t

ˆ

,                                                  (6.17)            

sadac  

                                (6.18) 
( )

( )
1 2 1 2

0 1 2 1 2

ˆˆ ˆ ˆ ˆ

ˆˆ ˆ ˆ ˆ ˆcos ( ) ( )

f

f

V s s s s b b

k x s s b s s b

ω+ − − + +

+ + − − +

= + Ω + + −

− Ω ⋅ + + +

= =

=
urTierTqmedebis operatoria. 

 drois sawyis momentSi ( )0t =  sistemis talRuri funqcia SegviZlia 

warmovadginoT rogorc atomisa atomψ  da velis fieldψ  talRuri 

funqciebis pirdapiri namravli: 

( ) atom fieldtΨ = Ψ ⊗ Ψ                                              (6.19) 
sadac: 
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00 01 10 1100 01 10 11 ,atom C C C CΨ = + + +                           (6.20) 

xolo  

,field n
n

W nΨ =∑                                                  (6.21) 

(6.18) urTierTqmedebis Sedegad SesaZlebelia gadasvlebi Semdeg 
mdgomareobebs Soris: 

0,0, 1 0,1, , 0,0, 1 1,0, ,n n n+ ↔ + ↔ n                           (6.22) 

0,1, 1,1, 1 , 1,0, 1,1, 1 ,n n n n↔ − ↔ −   

 

1,0, 0,1, ,n ↔ n                                                                                                         (6.23) 
(6.22) Seesabameba gadasvlebs energiis im mdgomareobebs Soris, romelic 
cvlis fotonebis ricxvs, xolo (6.23) Seesabameba Sida spinur gadasvlebs.  
amitom bunebrivia veZeboT ( )tΨ  Semdegi saxiT: 

( ) 0,0, 1

0,1, 1,0, 1,1, 1

0,0, 1

0,0, 1,0, 1,1, 1 ,

n
n

n n n
n n n

t C n

C n C n C n

+

−

Ψ = + +

+ + +

∑

∑ ∑ ∑ −
                 (6.24) 

 
Tu (6.24) funqcias CavsvavT Sredingeris gantolebaSi miviRebT rom: 

( )0,0, 1 0,0, 1 0 1,0, 0,1,ˆcos 1 ,n n f n
di C C k x n C C
dt + += Ω −Ω + + n  

( )1,1, 1 1,1, 1 0 1,0, 0,1,ˆcos ,n n f n
di C C k x n C C
dt − −= Ω −Ω + n             (6.25)                

( )0,1, 1,0, 0 1,1, 0,0, 1ˆcos 1 ,n n f n n
di C C k x C n C n
dt += Ω −Ω + +  

( )1,0, 0,1, 0 1,1, 1 0,0, 1ˆcos 1 ,n n f n n
di C C k x C n C n
dt − += Ω −Ω + +  

 (6.25) gantolebaTa sistemis amoxsniT C  koeficientebisaTvis miviRebT 
[123]: 

[ ] [ ]

( ) ( )

11 2
0,0, 1

4 1 2

1 1[ ] [ ]
2 1 2 12 2 2 2

,
2 1 4 2 1 2 1 4 2 1 2 1

i t i t

n

i t

C e n C e nC Q t Q
n n

C C C e
n n n n n

ω ω
− Ω − Ω

−
+

− Ω

+ +
= −

+ +

⎛ ⎞
+ − +⎜ ⎟⎜ ⎟+ + + + +⎝ ⎠

t +

 

 

[ ] [ ]

( ) ( )

11 2
1,1, 1

4 1 2

[ ] [ ]
2 1 2 12 2 2 2

,
2 1 4 2 1 2 1 4 2 1 2 1

i t i t

n

i t

C e n C e nC Q t Q
n n

C C C e
n n n n n

ω ω
− Ω − Ω

−
−

− Ω

= −
+ +

⎛ ⎞
+ − + −⎜ ⎟⎜ ⎟+ + + + +⎝ ⎠

t +

          (6.26)        

( ) ( )1 31 2
1,0, 24 2 1 4 2 1

i t i t i t
n

CC CC e Q t e Q t
n n

ω ω e− Ω − Ω −⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦+ +
Ω+ , 

( ) ( )1 31 2
0,1, 24 2 1 4 2 1

i t i t i t
n

CC CC e Q t e Q t
n n

ω ω e− Ω − Ω −⎡ ⎤ ⎡ ⎤= +⎣ ⎦ ⎣ ⎦+ +
Ω− , 
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rogorc  (6.26)-dan Cans ori kubitis talRuri funqciis droze 
damokidebuleba ganisazRvreba funqcionaliT: 

                                              (6.27) ( )
( )

0

' '
t

i t dt

Q t e
ω

ω
∫

⎡ ⎤ =⎡ ⎤⎣ ⎦⎣ ⎦
sadac: ( ) 02 2 1 cos ( )ft n kω = + Ω x t .                              (6.28)    

rogorc (6.27) da (6.28)-dan Cans qvanturi mdgomareobis droze 

damokidebuleba damokidebulia ( )x t -ze. imisaTvis rom ganvsazRvroT 

sistemis mdgomareoba, saWiroa vicodeT koordinatis rogorc drois 

funqciis zusti forma ( )x t .  

Mmeores mxriv rogorc wina ganyofolebaSi iyo naCvenebi, rodesac 

sistemis dinamika aris qaosuri ( )x t  SeiZleba ganxiluli iqnas rogorc 

SemTxveviTi sidide. Aam SemTxvevaSi  (6.27) funqcionali unda 

gavasaSualoT ( )x t  SemTxveviTi cvladis yvela SesaZlo realizaciiT. es 

procedura analogiuria wina Tavsi Catarebuli gasaSualoebis 
procedurisa (formulebi (5.41)-(5.47)). Aamitom moviyvanoT saboloo Sedegi: 

( ) ( )exp ,
2
tQ t erf tπω

α
⎡

⎡ ⎤ = −⎢⎣ ⎦
⎣ ⎦

α
⎤
⎥                                           (6.29) 

davuSvaT rom sawyis momentSi atomis mdgomareobas aqvs saxe: 

( )0 atom fieldΨ = Ψ ⊗ Ψ ,                                              (6.30)     
sadac  

00 01 10 1100 01 10 11 ,atom C C C CΨ = + + +                                (6.31) 

field n
n

W nΨ =∑ ,  

Tu SevadarebT (6.30) da (6.31)-s sistemis talRur funqcias drois sawyis 
momentSi: 

( ) ( )

( ) ( ) ( )

0,0, 1

0,1, 1,0, 1,1, 1

0 0 0,0, 1

0 0,0, 0 1,0, 0 1,1, 1 ,

n
n

n n n
n n n

C n

C n C n C n

+

−

Ψ = + +

+ + +

∑

∑ ∑ ∑ −
 

sawyisi mdgomareobebisaTvis miviRebT Semdeg gamosaxulebebs: 

( ) ( ) ( ) ( )00 1 00 1 01 01 10 10 00 1 00 10 , 0 , 0 , 0n n n n n n n nC W C C W C C W C C W C+ + + += = = =   (6.32) 

eqsperimentze izomeba doneTa dasaxlebebs Soris sxvaoba: 

( ) ( )11,01 , 11 , 01 ,I W t W t= − ( ) ( )11,10 , 11 , 10 ,I W t W t= −                    (6.33)             

( ) ( )10,00 , 10 , 00 ,I W t W t= −  ( ) ( )01,00 , 01 , 00 ,I W t W t= −  

( ) ( ) ( ) ( )11,00 11,01 11,10 01,00 01,00
1 1, 11 , 00
2 2

I W t W t I I I I= − = + + + . 

sadac: 

( ) ( ) 2
11 1

0

, 11 ,n
n

W t C t
∞

−
=

=∑ ( ) ( ) 2
01

0
, 01 ,n

n
W t C t

∞

=

=∑                                (6.34) 

( ) ( ) 2
10

0
, 10 ,n

n
W t C t

∞

=

=∑  ( ) ( ) 2
00 1

0
, 00 ,n

n
W t C t

∞

+
=

=∑  

davTvaloT magaliTad ( )1,0W t , maSin  Tu gaviTvaliswinebT (6.26) da 

(6.29) miviRebT: 
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( ) ( ) ( 22
10 01 00 1 11 1

0 0

1 1 1, 1,0 1
8 4 2 1n n n n

n n
W t C W C W n C W nC W

n

∞ ∞

+ −
= =

= + + + +
+∑ ∑ ) +     (6.35)               

( ) ( )2
10 01 int

0

1 , 10
4 n n

n
C W C W W t

∞

=

+ − +∑  

sadac ( )
int

, 10W t  igulisxmeba interferenciuli wevrebi, romlebic 

Seicaven [ ]2 ( ) ,Q tω−   [ ]2 ( ) ,Q tω  [ ]2 1i te Q tωΩ − ⎡ ⎤⎣ ⎦  da ase Semdeg. am wevrebis 

Sefaseba SeiZleba iseve rogorc [ ]( )Q tω -si, 

magaliTad [ ] ( )2 ( ) exp ,Q t t erf tπω
α

⎛ ⎞
= −⎜⎜

⎝ ⎠
α ⎟⎟  aseve 

[ ] ( )2 1 2 exp
2

i t i t te Q t e erf tπω α
α

Ω − Ω ⎛ ⎞
⎡ ⎤ = −⎜⎣ ⎦ ⎜

⎝ ⎠
⎟⎟
, aseTi wevrebis wvlili rogorc am 

formulebidan Cans roca t π
α

>> , xdeba Zalian mcire, da maTi saSualo 

mniSvnelobebi miiswrafian nulisaken. 

amitom roca t π
α

>>  miviRebT: 

 

( ) ( ) ( )22
10 01 00 1 11 1

0 0

1 1 1, 1,0 1
8 4 2 1n n n n

n n
W t C W C W n C W nC W

n

∞ ∞

+ −
= =

= + + + +
+∑ ∑ +

( )2
10 01

0

1 .
4 n n

n
C W C W

∞

=

+ −∑                                                  (6.36) 

Tu analogiur msjelobebs CavatarebT  

( ) ( ) ( ), 0,0 , , 0,1 , , 1,1W t W t W t -ebisaTvis miviRebT rom: 

( ) ( ) ( ) ( )22
10 01 00 1 11 12

0 0

1 1 1, 0,0 1
4 2 1 2 (2 1)n n n n

n n

n nW t C W C W n C W nC W
n n

∞ ∞

+ −
= =

+ +
= + + + +

+ +∑ ∑ +  

( )2

00 1 11 12
0

1 .
(2 1) n n

n

n nC W n C W
n

∞

+ −
=

− +
+∑  

 

( ) ( ) ( ) ( )22
10 01 00 1 11 12

0 0

1, 1,1 1
4 2 1 2 (2 1)n n n n

n n

n nW t C W C W n C W nC W
n n

∞ ∞

+ −
= =

= + + + +
+ +∑ ∑ +  

( 2

00 1 11 12
0

1 1
(2 1) n

n

n nC W n C W
n

∞

+
=

+
+ − +

+∑ ) .n−                                                               (6.37) 

( ) ( ) ( )

( )

2
10 01

0

2

00 1 11 1
0

1, 1,0 , 0,1
8

1 1 1
4 2 1

n n
n

n n
n

W t W t C W C W

n C W nC W
n

∞

=

∞

+ −
=

= = +

+ + + +
+

∑

∑

+
 

( )2
10 01

0

1 .
4 n n

n
C W C W

∞

=

+ −∑  

aq     mdgomareobis dasaxlebebis albaTobebia da  

aRwers velis mdgomareobas da aqvs  puasonis ganwilebis saxe [119]: 
00 ,C 01,C 10 ,C 11,C nW
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2 exp( ),
!n

nW
n

= −n                                                      (6.38)   

sadac ,n ITλ=  aq I eleqtromagnituri velis (sinaTlis) intensivobaa,   

dakvirvebis dro, 

T
λ  proporciulobis koeficienti.      

davuSvaT rom atomi Tavidan imyofeboda 00 1nC +  mdgomareobaSi, maSin 

( ) ( ) 2
00 00 10 0 1 (nt Cρ += = = , ) ( ) ( )11 10 010 0 0t t tρ ρ ρ 0= = = = = = , maSin entropia 

( )
1

0
0 lnij ij

ij
S t ρ ρ

=

= = − =∑ 0

0t

, da sistema aris sufTa mdgomareobaSi, rodesac 

urTierTqmedeba irTveba  drois Semdeg, sistema aswrebs 

gadaslas doneebs Soris. Aamitomac imis albaToba rom aRmovaCinoT 
sistema sxva mgomareobebSi ar aris nulis toli: 

0 0~ 1/ ,t g t >

11 0C ≠ ,                                            (6.39) 01 0,C ≠ 10 0,C ≠ 0t t>
miuxedavaT amisa jer kidev adrea vilaparakoT sxvadasxva doneebis 

dasaxlebebis albaTobaze. Aamis mizezi aris is rom 0 0 /t t α π< < droiT 

intervalSi (6.26) gamosaxulebebSi interferenciuli wevrebi ar arian 

nulis toli. Mmagram gansxvavebiT sawyisi mdgomareobisa,  0 0 /t t α π< <  

sistema imyofeba mdgomareobaSi romelic warmoadgens   

0,0, 1 , 0,1, , 1, 0, , 1,1, 1 ,n n n n+ −  mdgomareobebis superpozicias. 

 superpoziciuli mdgomareoba aris sufTa kvanturi mdgomareoba. 
Mmxolod interferenciuli wevrebis ganulebis Semdeg, sistema gadadis 

narev mdgomareobaSi. es gadasvla xdeba 0 /t α π>  droebze.  

M  0 0 /t t α π< <  droiT intervalSi rodesac sistema aris 

superpoziciul mdgomareobaSi, simetriis mosazrebidan SegviZlia 
davuSvaT, rom (6.29) koeficientebisaTvis sruldeba Semdegi Tanafardoba: 

( ) ( )
( ) ( )

00 0 0 11 0 0

01 0 0 10 0 0

/ ~ / ~

~ / ~ /

C t t C t t

C t t C t t C

α π α π

α π α π

< < < <

< < < < ~
                           (6.40) 

 /t α π>>  drois Semdeg interferenciuli wevrebis wvlili xdeba Zalian 
mcire da isini miilevian eqsponencialurad. amitom SegviZlia vTqvaT, 

rom  koeficientebisaTvis (6.40) piroba sruldeba , , 01ijC i j = 0 /t α π>  

droebzec.  

0 /t α π>  droebze doneebis dasaxlebis albaTobebis rols TamaSobs ara 

(6.39) koeficientebi, aramed isini ganisazRvrebian (6.35)-(6.37) 
gamosaxulebebiT. 

maSin ( ), , , , 0,1W t i j i j =  koeficientebis normirebis pirobidan gveqneba rom  

( )
1

, 0
1

i j
W t ij

=

=∑ , Tu aq gaviTvaliswinebT  (6.37) da (6.40) gamosaxulebebs , 

miviRebT rom: 

2 2 2 2
1 1

0
( n n n

n
C W W W

∞

+ −
=

⎛ ⎞
+ +⎜

⎝ ⎠
∑ 1=⎟ ,                                         (6.41) 
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garda amisa ( ) ( ), 0,1 , 1,0W t W t= , aseve rogorc (6.37) gamosaxulebidan 

vRebulobT: 

 
( ) ( ) ( ) ( )

( )2

00 1 11 1
0

, 1,1 , 0,0 , 0,1 , 1,0

1
(2 1) n n

n

W t W t W t W t

n nC W n C W
n

∞

+ −
=

+ = +

+ − +
+∑

+
                                            (6.42) 

rac imas NniSnavs, rom 0 /t α π>  droebze rodesac Camoyalibda ukve 

narevi mdgomareoba sistemaSi doneebis  

( )1 0 / 01W t aρ α π= > = , ( )2 0 / 11W t bρ α π= > = ,                                     (6.43) 

dasaxlebebis albaTobebi ufro metia, vidre  

( ) ( )3 0 4 0/ 01 / 10W t W t cρ α π ρ α π= > = = > =                                        (6.44)  

Ddasaxlebebis albaTobebi. 

davuSvaT ( ) ( )10 01 ,t tρ ρ a= =  ( )00 ,t bρ =  ( )11 ,t cρ =  maSin normirebis pirobidan  

gveqneba rom Tr  da  ( )ˆ aρ = +2 1b c a+ = , 2b c+ > 0 1, 0 1, 0a b c 1< < < < < < ,  

aqedan entropiis nazrdisaTvis miviRebT: 

( )2 ln ln ln 0S a a b b c cΔ = − + + >                                        (6.45) 

e.i. procesi Seuqcevadia. 
Aaqve unda aRiniSnos erTi mniSvnelovani faqti. Ddrois sawyisi 
momentisaTvis, radgan ar gvaqvs urTierTqmedeba velsa da atoms Soris  

2
00 ,C  koeficientebi aRweren atomis mdgomareobis dasaxlebebis 

albaTobebs da amitomac isini normirebulni arian erTze. 

2
01,C 2

10 ,C 2
11,C

2 2 2 2
00 01 10 11 1C C C C+ + + = ,                                             (6.46) 

urTierTqmedebis CarTvis Semdeg xdeba gadasvlebi atomis sxvadasxva 
mdgomareobebs Soris da Cven aRar SegviZlia vilaparakoT calk-calke 
velis mdomareobaze da atomis mdomareobaze, aramed es sistema unda 
ganvixiloT rogorc mTliani, es Cans   

( ) ( ) ( ) ( ), 0,0 , , 0,1 , , 1,1 , , 1,0W t W t W t W t  koeficientebis gamosaxulebebidan. 

roca t π
α

< , am drois  intervalSi 

( ) ( ) ( ) ( ), 0,0 , , 0,1 , , 1,1 , , 1,0W t W t W t W t  koeficientebSi gvaqvs 

interferenciuli wevrebi, mxolod    t π
α

>>  drois Semdeg xdeba am 

wevrebis mileva, am dros, radganac CarTuli gvaqvs eleqromagnituri 

veli,   koeficientebi veRar Seasruleben atomis doneTa 

dasaxlebulobis albaTobis rols, aramed am rols asruleben   

2
00 ,C 2

01,C 2
10 ,C 2

11,C

( ) ( ) ( ) ( ), 0,0 , , 0,1 , , 1,1 , , 1,0W t W t W t W t  koeficientebi da  bunebrivia 
moviTxovoT maTi normireba erTze: 

( ) ( ) ( ) ( ), 0,0 , 0,1 , 1,1 , 1,0 1.W t W t W t W t+ + + =

1⎞
=⎟

                                                  (6.47) 
Tu aq gaviTvaliswinebT  (6.37) da (6.40) gamosaxulebebs , 
miviRebT (6.41) gamosaxulebas: 

2 2 2 2
1 1

0
( n n n

n
C W W W

∞

+ −
=

⎛
+ +⎜

⎝ ⎠
∑ ,                                ,                     

    Tu aq CavsvavT (6.38) gamosaxulebas da avjamavT miviRebT rom: 
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2 1
4 exp( )

C
n

=
− −

,                                                    (6.48)              

rogorc (6.48)-dan Cans 
2 44 1

4 exp( )
C

n
.= ≠

− −  mxolod roca 1n >>  gvaqvs 

rom , radganac 24C �1 n T∼ , amitom SegviZlia vTqvaT rom didi 

dakvirvebis drois Semdeg, roca 
1T
Iλ

>> , SegviZlia CavTvaloT   

 koeficientebi rogorc atomis doneebis dasaxlebulobis 

albaTobebi. 

2
00 ,C

2
01,C 2

10 ,C 2
11C

Tu CavsvavT (6.38) gamosaxulebas (6.37)-Si da gaviTvaliswinebT (6.40) 
tolobebs maSin W  koeficientebisaTvis miviRebT: 
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aRsaniSnavia, rom W  koeficientebis (6.47) gamosaxulebis CasmiT da 
ajamviT SegviZlia SevamowmoT (6.48) gamosaxulebis samarTlianoba. 
sabolood moviyvanoT W  koeficientebis zusti mniSvnelobebi, romlebic 
miiReba (6.49) gamosaxulebebis ajamviT: 

 ( ) ( )
2 2 2

3/ 2

1 2 exp( ) (1 2 ) ( ), 0,1 , 1,0 12 ,
2 4 8

C C n n erfi nW t W t
n n
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2 4

n erfi n
W t C

n
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aq , sadac  1 ( )Erfi i Erf iz−=
2

0

( ) 2 / .
z

terf z e dtπ −= ∫  

{ } { }1 1[ ... , ... , ]p qF a a b b z  aris ganzogadebuli hipergeometriuli funqciaa [112],  

r melsac aqvs mwkrivad Semdegnairi warmodgena: o

‚
k=0
¶ Ha1Lk ... HapLk ë Hb1Lk ... Hbq Lk zk ê k! . 

bolos moviyvanoT ( ) ( ) ( ) ( ), 0,0 , , 0,1 , , 1,1 , , 1,0W t W t W t W t  koefivientebis  
n -ze damokidebulebis grafiki, romlebic miiReba (6.50) 
gamosaxulebebidan: 

 
nax.6.3 W  koeficientebis n -ze damokidebulebis grafiki. horizontalur 
RerZebze gadazomilia n , vertikalur RerZebze W koeficientebi. rogorc 
am grafikebidan Cans, radganac ~n T , Tu dakvirvebis dro mcirea 

1/ T
I

π α
λ

<< << , maSin yvelaze ufro dasaxlebulia  ( ), 0,0W t  qveda 

done, da yvelaze naklebad zeda ( ), 1,1W t  done, dakvirvebis drois 
gazrdis Semdeg, xdeba doneebis dasaxlebebis gaTanabreba da roca 

dakvirvebis dro 
1T
Iλ

>> , sruldeba piroba: 

( ) ( ) ( ) ( ), 0,0 , 0,1 , 1,1 , 1,0 .W t W t W t W t= = =  

 
 (6.50) gamosaxulebebSi, doneTa dasaxlebebi damokidebulia fotonebis 
saSualo ricxvze n  rezonatoris SigniT. rogorc  nax.6.3-6.4-dan Cans 

didi 1n >>  SemTxvevaSi xdeba doneTa dasaxlebebis ( ), , , 0W t ij i j = ,1 
stoxasturi gajereba. erTi SexedviT  es ar aris TanxmobaSi (6.42) 
gamosaxulebasTan. Mmagram mxedvelobaSi unda miviRoT is faqti, rom  
(6.42) gamosaxulebis, bolo wevri xdeba Zalian mcire rodesac 1n >> : 

( ) (
2

00 1 11 1
0

1
2 1 n n

n

n nC W n C W
n

∞

+ −
=

− + →
+∑ ) 0                                (6.51) 

Sedegad Cven mivdivarT Semdeg pirobamde: 
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( ) ( )
( ) ( )

0 0

0 0

/ , 0,0 / , 0,1

/ , 1,1 / , 1,0 .

W t W t

W t W t

α π α π

α π α π

> = >

= > = >

=
                                                                (6.52) 

rac imas niSnavs, rom gamosxivebis veli fotonebis didi ricxviT 
SegiZlia ganvixiloT rogorc Termostati usasrulo temperaturiT, 
maSin roca fotonebis mcire ricxvis SemTxvevaSi ~ 1n  SesaZlebelia 

miviRoT ufro metad dasaxlebuli ( ) ( )0 0/ , 0,0 , / , 1,1W t W tα π α π> >  

doneebi. 

 
nax.6.4 -is SΔ n -ze damokidebulebis grafiki, rogorc am grafikidan Cans 

, ese igi procesi aris Seuqcevadi. 0SΔ >
6.4 daskvna 
ACveni mizani iyo Segveswavla ori bmuli ordoniani atomis dinamika gare 
rezonatoris velSi. aseTi sistemebis mimarT interesi gamowveulia imiT 
rom SesaZlebelia maTi gamoyeneba kvantur kompiuterSi,. Aam dros dgeba 
sakiTxi Tu ramdenad aris sistemis mdgomareobebi kontrolirebadi da 
procesi Seuqcevadi? Cven ganvixileT yvelaze zogadi SemTxveva, rodesac 
sistemis urTierTqmedeba gare velTan damokidebulia mis koordinatze 
sistemis SigniT. 
 gansxvavebiT saeTod miRebuli azrisa, rezonansuli SemTxveva ar 
aris garantia imisa, rom sistemis dinamika iqneba regularuli. kvantur 
meqanikurad droSi evoluciisas sistema axdens gadasvlas sufTa 
mdgomareobidan narevSi. Adrois is Sualedi romelic saWiroa narevi 

mdgomareobis Camosayalibeblad, ganisazRvreba ( )x t  SemTxveviTi sididis 

avtokorelaciis funqciis siganiT.   
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7. ZiriTadi Sedegebi 
1. Seswavlilia birTvuli paramagneturi rezonansis amocana im 
SemTxvevisaTvis, rodesac nimuSi rezonatorSi aris moTavsebuli, 
romelic sakvlev sistemaze ukugavlenas axorcielebs. Ddamagnitebis 
veqtoris gantoleba am SemTxvevaSi warmoadgens bloxis gantolebas, 
romelSic zemoTxsenebuli ukukavSiri damatebiTi arawrfivi wevrebis 
saSualebiT aris gaTvaliswinebuli. Aarawrfivi gantolebaTa sistemis 
ricxviTi analizis safuZvelze naCvenebia, rom sakmarisad Zlieri 
arawrfivobis SemTxvevaSi damagnitebis veqtoris hodografi qaosur 
xasiaTs atarebs, romelic “ucnaur” atraqtors waagavs. 
vaCveneT rom Cvens mier mier miRebuli ucnauri atraqtoris fraqtaluri 
ganzomileba aris 2.22D ≈ ,xolo stoxasturi moZraobis korelaciuri 
funqciis furie speqtris sigane nulisagan gansxvavebulia, gamoTvlilia 
misi ricxviTi mniSvneloba konkretuli parametrebis SemTxvevaSi.   
2. landau-lifSicis gantolebis safuZvelze Seswavlilia feromagnituri 
rezonansis amocana Txeli feromagnituri firebisaTvis im SemTxvevaSi, 
roca cvalebadi gamajerebeli monoqromatuli velis nacvlad 
gamoiyeneba maRalsixSiruli impulsebis perioduli seria. Cvens mier 
naCvenebia, rom roca impulsebis seriis parametrebi garkveul pirobebs 
akmayofileben sistemaSi warmoiqmneba e. w. rezonansurli qaosuri 
gajereba. Aamgvarad miiReba damagnitebis veqtoris didi gadaxrebi, risi 
miRwevac SeuZlebeli iyo monoqromatuli velis gamoyenebis SemTxvevaSi. 
Fe Ni−  Senadnobis nimuSisaTvis naCvenebia rom stoxasturi gajereba 
miiRweva maSin rodesac stoxasturobis koeficienti .  3.37K ≈
3. erTi damagnitebis veqtoris stoxasturi gajerebis amocana 
ganzogadebulia ori spinisaTvis da Semdeg spinuri mZivisaTvis, 
romelebic moTavsebulia gare mudmiv da cvlad magnitur velebSi. 
Aanalizuri da ricxviTi meTodebiT GnaCvenebia rom gare cvladi 
impulsuri velis parametrebis saTanado SerCeviT SegviZlia stoxastur 
reJimSi vmarToT mocemuli sistema gadavxaroT is sawyisi 
mdgomareobidan da Semdeg davtovoT am mdgomareobaSi garkveuli drois 
ganmavlobaSi, romelsac  ewodeba stoxasturi kontrolisa da dinamiuri 
gayinvis meqanizmi. AmiRebulia kriteriumi,  romelic stoxasturi 
kontrolis saSualebas iZleva.  
4. Seswavlilia ganzogadebul jeims-komingsis  modelSi qaosis 
warmoqmnis meqanizmi zogad SemTxvevaSi, rodesac mxedvelobaSi viRebT 
atomis masaTa centris moZraobas rezonatorSi. kvaziklasikur 
miaxloebaSi  naCvenebia, rom rezonansis piroba ar gaZlevs sistemaze 
kontrolis ganxorcielebis garantias, rogorc es aqamde iyo miRebuli. 
QnaCvenebia, rom kvantur enaze qaosis warmoqmnas Seesabameba gadasvla 
sufTa mdgomareobidan narevSi da am dros adgili aqvs talRuri 
funqciis fazis Sesaxeb informaciis dakargvas. Sefasebulia sufTa 
mdgomareobidan narevSi gadasvlis dro. naCvenebia, rom myardeba narevi  
mdgomareoba romelic xasiaTdeba diagonaluri simkvrivis matriciT.  
5.naCvenebia rom Cveulebriv jeims-komingsis modelSic SesaZlebelia 
qaosis miReba Tu am modelis pirobebSi damatebiT mxedvelobaSi miviRebT 
arapirdapir gacvliT urTierTqmedebas ordonian atomebs Soris.   am 
dros qaosi warmoiqmneba rezonansul SemTxvevaSic,  rodesac atomebis 
doneebs Soris gadasvlis sixSire emTxveva rezonatoris sixSires. 
Kkvantunmeqanikurad aqac iseve, rogorc wina SemTxvevaSi adgili aqvs 
sufTa mdgomareobidan narevSi gadasvlas da talRuri funqciis fazis 
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Sesaxeb informaciis dakargvas. naCvenebia,  rom sufTa mdgomareobidan 
narevSi gadasvlis dros adgili aqvs entropiis zrdas rac am procesis 
Seuqcevadobaze metyvelebs.   
 
Bbolos madloba minda gadavuxado samecniero xelmZRvanels baton 
arCil ugulavas mecnieruli TanamSromlobisa da gaweuli 
mxardaWerisTvis. levan WotorliSvils mecnieruli TanamSromlobisTvis.  
 Mmadlobas vuxdi agreTve Tsu fizikis mimarTulebis TanamSromlebs 
koba xuciSvils, nataSa fokinas, soso CxaiZes, kote nikolaZes saqmiani 
SeniSvnebisa da wlebis ganmavlobaSi TanamSromlobisTvis. 
Mmadlobas vuxdi agreTve zogadi fizikis saswavlo-samecniero 
labolatoriis gamges iuri papavas da laboratoriis TanamSromlebs 
qeTino gamyreliZes da nana kontuaZes mxardaWerisTvis.     
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